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131. Moment of Inéﬁia. The definition of moment of inertia is mathe.

matical:

(28) . Moment of inertia of an area = f a’ dA,

where a is the distance of an element dA of an area from an axis about which
the moment of inertia is desired. Generally, |

The axis is in the plane of the area, in which case it is called a rectangu!ar
moment of inerfia’l, or

The axis is perpendicular to the area, in which case it is called a polar
moment of inertia J. , ' '



J

The limits of the integral in (28) are of course such as to include tlw cu
arce. whose moment of incrtia is needed.

If we remember that in finding centroids we uaed the form fadA, “hnchﬁ;
sometimes termed the first-moment of sthe-: area, we may cull IG i W
secondmomentof the-area, - Observation of the similarities of the medw
of this chapter with those of the precedmg chapter will be helpful “1
first important difference that might be noted is that moment of inef 'a,
always positive, involving ag it does a*, whioh is positive whecher ¢ 8 u\"
or negative. - Observe too that if the linear unit used is_inches, the o
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" similarly, that about the Y axis is

b) 1y =f ad,

These are rectanqular moments of inertjy,
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133, Polar Moment of Inertia, Sineq g1 element dA, in Fig, 384, is

jistance 7 {rom the z axis and since the z axis is iormal to the plane of the
s, the polar moment of inertia ahoyt this particular axis is

(c) J =/T’dA.

Now note in Fig, 384 that r* = 2* + 42 Using this relation in (c), we get

J =/r’dA =j(x’+y’)dA=[x"dA +fy"’dA,

or
0 J = |,+Ix
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(d) J=1I,+1.

.This expression (d) is an important relation which is often useful. In words,
It says that the-polar-moment-of inertia of a plane area about a particular

- .

s perpendicular to the plane of the area is equal to the sum of two rectar
gular moments of inertia about axes in the plane of the area, provided that all

three axes are mutually perpendicular and tnlersect at @ common. point. Since
there are an infinite number of axes about which moments may be taken,
there are an infinite number of moments of inertia for a particular area.




134. Radius of Gyration. The radius of gyration k of an area is also a
Mathematical conception, defined by the relation

e e

*Tectangular and a polar radius of gyration, respectively.  Since,
“ J=k4,

from (29),

I = k*4 or



If Kx refers to the radius of gyration with respect to x axis and would be obtained |
from
1




Parallel Axis Theorem

137, Transter Formula—Parallel Axes, A simple and very us.eful rel?.tion(;
ship exists between the moment of inertia of an area a‘bout _g.glvex;;;m; a:; ;
the moment of inertia of the same area abou't‘a centroidal azis par ;), .
given azis. Let C in Fig. 387 be the centroid of the area A, so that .t :h:
and y axes are centroidal axes. The z’ and y' axes a'are any othfll: ;xes ;x;n 7
plane of the area and parallel to the chosen centroxd’al a'xess.f e m" o
of inertia of the differential area d4 abo.ut. the y ax'.s,. or t«}e\xa.xlx;t))m,e : \
dl, = (d — 2)*d4, and, with the proper limits of integration, the

‘ ey
of inertia of the entire area A about the y’ axis

Iﬁ' =7/'_(d — c)"d{

__;[ze(m - zdjm +d'/dA,
" ' uaring (d = 2). In @his ex-
where the terms have been rearranged. after q e e througl_l

: 1 i squal to AZ) is zero, since b ;
ression, [z dA (which is equal t0 ., : : . 387, we
fh I : .l'( dA = A Moreover, by companson i h
sLaeraiaf aloa; o 67 ent of inertia of the .area about the

note that [z?d.4 is equal to Lhe'm()m.
ventroidal y axis, [, Hence, we find
| 15' = Iﬂ‘}‘ Ad:';

0T, in general terms,

% I s_—i'i' Ad},
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which is the transfer formula for parallel axes, sometimes called the parale).
.axes theorem._ In words, equation (30) says that the'moment of inertia 7 gp
_an area about any axis is equal to the moment of inertia of the area about,
parallel centroidal axis I plus the product of the ares A and th square of th,
distance between the axes d*. Noto particulm'ly t',hntv

Une of the axes involved in equation (30) must-be & cenlroidal axis,

The linear units are usually inches, although of course any other lineg,

units, such as feet, may be used.
By a similar procedure, we may show
moments of ivertia takes an analogous form.

@ . J=J+AL,

where J is with respe;:’t to a centroidal-axis-and J is with respect to some
other parallel axis at & distance d from t.he centroidal axis.

that the transfer formula for polgy



Q: Derive the expression for the moment of inertia of a rectangular area about an axis through the centroid and parallel
to a side. Also find the radius of gyration with respect to this axis and the polar moment of inertia with respect to an
axis through the centroid.
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In the rectangle shown in figure, choose a differential element of area dA such that all points in

the element are the same distance from the x axis. Since all points of this element whose area is
b.dy, have the same moment arm y about the x axis
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We may find the value of ly in the same way by

integration(see next slide), using the element of area

of width dx, or by analogy with the result for Ix, we
may write, R
Ij e
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Q: Find the moment of inertia of a triangular area about a base.

y Choose an element dA, all parts of which are the same distance from the x axis, The length of
- the element is x. — x1 = x; so that dA=x.dy; By similar triangle,
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Q: Using the result of the previous example, find the moment of inertia of a triangular area about a line through a

vertex and parallel to the opposite base.

Iw = T'ff\clv
=) Iw = Ic—k’q&“ .
v Wy
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Concept: Find Ic from Ix and
then find Ix’ from Ic.



