VIII
MAXIMA AND MINIMA

b(’(llll-l Definition—A function is said to have a. maximum for &
value a of z, if f(a) is greater than any other value that the funcblon

can have in the small neighbourhood of r=a

Similarly, a function f(z) is said to have a minimum for a value @
of x, if f(a) isless than any other value that the function can have in
the small neighbourhood of z=a. ‘

Rigorous definition—A function f(x) is said to have a maximum
for a value a of z, if there exists a quantity ¢, however small, such that
f(x)—f(a) is negative for all values of « for which 0< | z—al <e.

‘Similarly, a function f(x) is said to have & minimum for a value
a of %, if there exists a quantity ¢, however small, such that f(z)—f(a)
is positive for all values of z for which 0 < | z—a | < e

The followmg ﬁgure represents the graph of some function f(z). It
is seen that at 4 and C the ordinate ceases to increase and if at A4,
z=a, we find that AL=f(a) and if it is greater than all other ordinates

i. e. values of f(z) in the neighbourhood of 4 i. e. r=a. Thus from
the above definition f () is said to have a maximum at 4, C ete.
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. Moreover, it is clear from the above ﬁgure, that the ordma.te at 4 i is
not the greatest. Theretore the maximum value ol f(x) is not
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necessarily the greatest value of f(x). A function may have
several maximum value s. e., & curve may have several maxima.
Similar is the case of minimum values of J(z). In the fig. B, D

are points where the ordinates are less than those in the small
neighbourhood of these points and as such from definition Wwe find

that J(z) has minimum values at B, D +ete.

Y,

Moreover, it is clear from the fig. that the ordinates at B is not the
smallest. Therefore the minimum value of f(x) is not necessarily
the smallest value of f(x) i.e, a curve may have several minima.

Note. Also it is evident from the fig. that the tangents at A, B,
C, D:-are parsllel to z-axis i.e. dy/dx=0 and sign of dy/dx
( remembering that dy/dz=tan ¥) changes from -+ to — as I Passes
through the values which make f(z) & maximum and from — to + as
z passes through the values which make f(z) a minimum,

VIII-2. Conditions for maxima and minima. Let f(x) be a
given function which can be expanded in the neighbourhood of x=a
~by‘Taylor’é Theorem.

At =g, the value of f(x) is f(a).

_ Let us consider two values of @, viz, a+h and a—h in the
neighbourhood and on either, side of z=a, h being very small,

‘Phen if there is a mazimum at z=a, then from definition

f(a) > fla+h) and f(a) > f(a—h)

5l f(a+ h)—f(a) and f(a—h) -f(a) are both negatlve for
maximum at T=a

And if there is a'mim’mum at £=a, then from definition,

f(a) < f(a+) and f (a) < fla—P)

ie. f(a+h)—f(a) and f (a—h)—f(a) are both posmve for

minimum at 8=

Now by Taylor's Theorem,
fla+R=f(a)+hf (@)+% f"(a)+L j"«a)+L4f'°(a)+...-...

o, fla+h)—f)=hf"0) +@ 1) +E fla)+ E.f"(a).g...; - ()
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Similarly, f(a—k)=fa)— hf(a)+ j()— f”'( )+...'...

3

. fla=RB)—f(a)=—hf(a )+L f”(a)——-f”’( e . G)

or, IfAis very small, We may neglect powers of A higher than the
first and so from (i) and (ii) we get - ~

f(a+h)—f(a)=hf"(a) e (i)

and f(a—h)—f(a)=—hf"(a) e (iv)

Also we have seen that for maximum or minimum the sign of

f(a+h)—f(a) and f(a—A)—f(a) must be the same. So from (iii) and

(iv) we ‘conclude that if f(a+2)—f(a) and fla—h)— f('a) have the same

sign, then from (iiil) and (iv), f'(a) should be zero, otherwise they will

have different signs.

Henee the necessary condition that f(x) should have a
maximum at x=a is f'(a)=0. ‘

Now if f’(a)=0, we have from (i) anﬂ (ii)

f(a+h)—f(a)=§f”(a)' vl o, 5RATRLL i

and f(a—h)—f(a) —’\‘f'(a) e T e (Vi) “

‘neglecting powers of Iz higher ' than the second, (smce b s very
small .

_ And we find that f (a+h)—f(a) and f(a-ah) —f (a) are both of the -
same sign. '

- Now two cases arise— . : : :
(i) When f"(a)is positi've In this case both f(a+h) —f(a) and"
{(a—h)—f(a) are positive and hence there is minimum at z=a.

& (ii) When f"(a) is negative. In this case both f(a+h) —f‘a) and ‘

1 f(a-—h)-— f(a) are negative and hence there is & maximum at =g, -

~

' i \jénoe we conclude that—. it ‘ :
! i) the function f(x)is maximum at x=a, if f'(a) o and .

y #(a) is negative and (ii) the function fix)is mlnlmnm at x=a,
it f(a)=0 and f’(a) is positive
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Generalisation. If f(a)=0 and f'(a)=0, then from (i) and
(ii) we get

fla+h)—- f(a)-.—_l'g () e (i)

and f(a—h)—f(a)= _." a) e (viid)

neglectin« powers of k higher than the third.

/ For magimum or minimum value of f(z) at z=a, we know thab
7T (a+h) —f(a) and f(a—h)—f(a) must have the same sign and for thab
f"(a) should be zero, otherwise they will have opposite sign as is

evident from (vi) and (vii).
Hence if £ (a) is also zero, we get from (i) and (i)

fla+n)—fa)= f **(a)
and f(a-—h) — f(a)— l: f lv(a,) and these are of the same sign.

Tt f(z) is maximum at £=a we know both f (a+h)—f(a) and
f(a—h)—f(a) are negative and hence f%?(a) must be negative.

ie, if F(@)=0, f'(a)=0 then function f(x) is maximum

at x=a, provided f'"(a)=0 and f*"(a) is negative.
ailarly it £(a)=0, f’ (a)=0, then function f(x) is minimum
=a, if F'"'(a)=0 and f* °(a) is positive. :
V‘I}l-‘a’ Working Rule : |
(1) If a function f( x) be glven, find f'(x) and equa.te it to zero.
Solve this equation for Z. Let its roots. be ay, ag, ag-

(3) ~ Find f"(«) and hence find f’ (1), 1"(ag), f "(as)

(3) If f(ay) is negative we have a maximum value at :z:—-a1

(4) I f (ay)-is positive we have a minimum value at £=g,

(5) /If Xa,)=0, find f "(«) and then f(a;)

at

% ...( @,)740, then there is neither maxima nor .mlmma

Iff"'(al)—-o find £ #*(z) and then f*°(a1). I f*(a)) s

negative then f(z) is maximum ab z=0; and if f**(a;) is positive

then f(z) is minimum at z=a,
If £47(a,) =0, then find f°(s,) and so on.

=
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Examples Worked Out

Ex. 1. Find the maximum and minimum values of
223 —922+12z—8

Solution : Let t/=2x3 —972 41923
d
dy 6x2—18z+ 2a.nd(; Y=19¢—18.

Now for maxima or minima,. ;!/ 0, .. 6x2—18z+123=0

or, 6(z2—3z+2)=0, or, 6(a:—1)(x-—2)==0, whence =1 or, 2.
d2y
For x=1, 75:—=12X1 —18 = —6, which is negative.
Hence x=1 corresponds to & maximum value.
The maximum value=2.1° —9.12+12.1—3=9.
t ol i ey Gun’ "
For z=2, F=12.9 —18=6, which is positive.
anoe z=2 corresponds to a minimum value.
The minimum value=2.23—9.22+12.2—8=1.

Ex. 2. For what values of a: the following expression‘is maximum

or minfmum respectively : 923 —9122%+ 36220

Fmd also the maximum and mmlmum values of the expression.

[Calcutta, 36]

Solution : Let f(x) =92% — 2122 +362 - 20
. flz)= 6x9—42x+ 36, which exists for all values of z.

Now for maxima or minims, f(z)=0
S, 622—4224-36=0 ; or, 22—Tz46=0
or, (z—1)z—6)=0; 5 x=lorB. =
Agsin f(@)=10s—43=6(22z—T7).
Ndﬁ .when = 1, f(x)=—30 which'is negative
When = 2=6, f(2)=380 whibh is positive.
Hence z=1 oorreSpond to a maxxmum value of the expression and

2=06 corresponds to a minimum value.
The maximum value of f(z)=2. 13—21.12+86.1—20=—3.
The minimum value of f(z)=2.63—21.62+36.6—20= —138.
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Ex. 3. TInvestigate for what values of
J(#)=52% — 1825 +15z* —10 is a maximum or minimum.
Solution : Let f (x)=5x2%—18z5+ 1524 —10
o F'(x)=80(x% —32* +923) o
Puttmgf (r)=0, we bave, 30(x®—3z*+22%)= 0
cz2¥z—1)(z—2)=0; S, z=0, 1, 2
Again f"(x)=380(5z* — 1923 + 622)
When z=1, f' (:r) is negative and hence f(z) is a maximum for
z=1.
When =9, f"(x) is positive, and hence f(z) is a minimum at
=9,
When £=0, f"(z) is zero, so the test fails, and we are to examine
higher order derivatives. _ :
Now f"'(a:)=120(5x3 —922+432) ; S fM(2)=0
J % (2)=360(522—62+1); . f%%(0) is positive
Since even order derivative is positive for =0
o for z=0, f(z)is minimum.
Ex. 4. Show that 25 —52% 4525 —10 has a maximum when =1,

a minimum when £=3 and neither when 2=0,
Solution : Let f (z)=25—5z*+523—10

f (x)=Dbzx*—9023 + 1522 .
- fUx)=202% —6022 430z e (i)
and f"(z)=6022—130z+30 . ... e (i)

Putting f'(z)=0, we get 5:1:"’ — 92023 4+1522=0

or, 5x’(a:2—4w+3)—0, or, 53:2(:::-—3)(::-—1)—-
S, z=0, 1,3
Whenz'—3 f"(3) 2033—-60 32+303 from (i)
. =540— —540490=positive.
.+ When 2=38, f(z) is minimum.
When z=1; £ "/(1)=20.1—60.12+30.1 from (i)
' =90— 60 -+ 30=negative.

b when =1, the function f(z) is maximum,
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When =0, f"(0)=0 from (i) putting =0
S f7(0)=60.0—120.0430 from (ii)
=30 # 0
Hence there is neither a maximum or a minimum at z= 0.

Ex. 5. Show that z3 — 822+ 8x+7 has neither a maximum nor a
‘minimum at x=1.

Solution ¢ Let f(z)=2%—822+432+47
f(2)=822—62+3, f"(2)=6z—6 and f"""(z)=6
Putting f'(z)=0, we get 3(z2—3z+1)=0
or, 3(z—1)2=0, or, z=1
Also at z=1, f"(1)=6—6=0; f"(1)=6 0

Hence the given function has neither & maximum nor a minimum
at z=1.

Ex. 6. Investigate the maxima for the curve

y=(z—2)%(z—3)3

»olution : y=(z—2)%(z—3)3

Z—Z=(z—2)'6.§.(x—3)‘+6(:t-—2)5(x——3)5
=(z—9)*(z—3)*[6(x—2) + 6(x—3))
=(z—2%(z—3)*(112—98) ... ()

Putting g:—!rl=0, wo gob =9, 3, 3}

&Also we know that ab a maximum the sign of gg changes from + to.

—and at a minimum the sign of % changes from —to+,
When =2, _ ' | » |
the v#lué of g% just after £=9 i's' obtained by putting (2+4) tor
z and is equal to 5 o . RN '.
(G = 2, 048 DDt -2

jﬁw
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And the value of %: just preceding xz=2 is obtained by puting

(2 —h) for = and is equal to
It (@‘, Lt [(3-h—9)*0—h=3" 112(a—B) —28}]
2>2-0
= positive.

., dyldx changes from positive to negative as it passes through

x=19, so there is & maxima at 2=2.
At x=3, we find g—i does not change sign i.c., there is neither

maxima nor minima at x=3.
At x=98/11, we shall find that dy/dz changes sign from negative

to positive, hence there is & minima at £=28/11. -
x. ¥ Obtam the maximum and minimum values of the

N

on *
o ‘ssx z—8

x’——3§:-—__4
x—8

Solution : Let y=

dy =__(2x-; 8)(z—b)— (23 —3z—4)

dz (=—8)*
_z’—16x+28 (z—9)(z -14)
(z—8)* (z—8)*.
. Putting 3z=0 =2 or, 14. -
: L
av¥,_

" Now (i) when< is & little less than 3, = positive, and when x

js a little greater than 9, dy/dz is negatxve. Here dy/dz cha.nges sign

{rom posltlve to negatwe. 4
*, yisa maxims when z=3.

thi __4-—6—-4 -6 =1
In is case, Y= 2"'8 —6
(u) When £ is a little less than 14, dy/ds is negative and when

2 is & little grester than 14,dy/dzx is positive.
Here dyldz changes sign from negative to positive,
. yiss minimum when =14 -

In this case y’-—lgs;‘_:" 1? =95.

y

e

P
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Ex. 8 Show that there is a point of inflexion at
curve: y=—z% ;44

x=0 on the

het - ‘
| 917 and find also for what value of T yis
MAXIMUm or minimum .

Solution : Here dyldz=5z% —90z® 4+ 1522 == 5x%(z—~ 1)(x—8).

Putting dy/dz=0, we have bz®(x— 1)~ 8) =0, which gives z=0,
=] and z==§,

If 2 be a hittle « 0, dy/dr=(4 Y ( - ){—-)espncitivn and if r bea
little > 0, dy/dzr=(4) (=) (=)=positive . e. dy/dr does not

change sign.

=0 gives a point of inflexion i.e. there is neither a maximum
nor minimum value.

It z be a little less than 1, dy/dz is positive and if x be a little
greater than 1, dy/dz is negative
Thus dy/dz changes sign from positive to negative and z= 1 gives
a maximum value.
If = be a little less than 8, dy/dz is negative.
If z be a little groater than 3, dy/dx is positive.
Thus a,/di changes sign from negative to positive and henco 2= 3
gives a minimum value.
/Ef: 9. Find the maximum and minimum values of the polynomial
8z%—16x* 41028,
Solution : Let f(z)=82%—15z*+102*
f'(x)=40z* —60z* +20z=90s(22* — 32 +1)
=90z(z—1)*(2z+1)
Putting f (z)=0, .', z=0,1, —}.
Agsin  f"(2)=160z® —1802* + 90=90(8x® —~9z2+])
Now f°(—§)=—45, whioh is negative, so that f(—4)= 3} isa
< mesximom value.
Again f°(0)=90 which is positive so that £(0)=0 is a minimum
© value.
As 1( 1);- 0, we are to test for higher derivative /(1)
Now f”(z)=480z*—860z, .. f"(1)=130»0.
Henoe f(1) is neither a maximum por s minimum value.
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Ex. 10. Examine the funection e®+2 cos z+e~® for maximum
values.

Soluticn 2 Let f(x)=(e*+e7*) + 2 cos z=9( cosh m+008 z)
S ()=2 (sinh z—sin z)
Puiting f "()=0, we get 2=0

Now f"(2)=2 ( cosh z—cos 7)
At z=0, £ (0)=8(1—1)=0,
Then f "(z)=9(sinh z+sin x). At =0, f"(O) 20 0

S F*°(2)=9(cosh z+cos z).
At £=0, f*°(0)=2(1+ 1)=4=npositive.

os At =0 there is minima.

Ex. 11. Show that the maximum value of x+i is less than the

minimum value.

3 ° . oy l . >' dy 1
Solution : _Let y,—-xl+x, " E—l—fﬁ. Novy for y to be

. . dy :
maxXimum Oor minimum dz =(.

e 1—=5=0, or ;2-=1, .. z=+1and —1.

"d%y g P d%_9
Now E~0+ x3 . whanx 1, dxz-fl.—2—pos1tlve |

Hence =1 gives the function a minimum value to y

.

.. the minimum value=1+1=2

2y — ,
When z= —-1, z = 1—32= —2 negatxve Hence x— —1 glves ya
maximum valne The maxlmum valuie=—1—1= —2

the maximum value of y= —92 and the mmxmum value of y=9
and hence a.xlmum value of x is less than its mmlmum value.

12 Fmd the maximum and minimum value of
. asin 0+4b cos 9.

; Solution : Let y=a sin 0+ cos 9, %=a cos 6—b sin 0,

Pnttlng g! 0, Wegebacoso bsin g ; s.e'..tano=%.

{
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s, 8in 0_cos 0_ JeinBo+ cos?0 _ 1
@ b e rbd) T (@t +b?)
. b y
«+ 8in 0‘* . sr—
J(a2+b2) ; CO8 f= J(a9+bg) (l)
b :
or, sin 0= = il
V(a”+b2)' cos 0 Jia® +b?) (ii)
. ¥ i8 waximum or minimum for the values of 6 givon by
(i) and (ii).
b

2

a*y_ _ -
NOW 302 =—qsin 0—0b cos 0= —aq . J(ag+b2) —b .-'—sz

_ a®4p2 T :
= —w;ﬁ;‘z:}-_ﬁ): — AJ(a%4D?%) which is negative.

Y 18 maximum for the values of 8 given by (i) apd),

gt
and g;g=positive for the values of 6 given by (ii).

maximum value of y =g, T/G;ﬁ”)-*_b. ':/—(&é);bl;"‘"')
PR = Ja+b),
and minimum value of y=gq. :/(a-;—g:b—éj A\/(ag-?- )
, =— J(a2+52)..
f@ Ex,13. Show that 2" is minimum for a:=i'.
Solution : Leﬁ y=2a" o logy==z log z.

Diflerentiating both sides w.r.t. z,

Yy dx.

a2z u__ dy 1
e (l+log x)+y

] =y(1+log z)?+%.

&" | ,
' -g-— = {g}?rlog z)’+,}-wx{(1+l;>s x)’+;1;}

1 dy_ =1+log z, of, g-g=y(1+logx)

Putting %=0, we have y(1-+log 2)=0

D.0.—20
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But y cannot be zero, ,', 14logx=0, or logz= —1
‘:. r= e-l l ¢
e
d3y
Substituting this value of z in —= we have,

dz?
dzy (__ l/e . . el
i c) whieh is positive.

Hence 27 is & minimum for x=l".
) e

.\4}:. 14. Find the maximum value of sin 2x—a:
Solution : Let f(z)=sin 2a:—x

' J()=2 cos 2z—1 and f “(z)= —4 sin 2z
Puttmg f(£)=0, .. 2cos 22—1=0, or, cos 2r=1

—

el
~K L, _ﬁx 2n7r +3 ( wrltmg down the general V&Tlh
Substxtutlng, nﬂv—!-g for z in f"(z), we have

(x)-—- —4 sin (27177_,-‘;3;)— —4 sin 3= —4X "2/3, which is negative.

Hence the glven functlon is a maximum for r=nx+3%.

‘Bubstituting, nm—3F in f(x), we have
f”(x)= -4 sin (271”—'3')= — 4 X(—sin g) 4 X —"/2—-3, which is posmve

Hence the given functxon is a minimum for x=nw —3.

\}A‘a.- Find the mazimium value of %% in 0 < z < .

Solution : Let f (:z)--=li’:--’:ﬂ.-ic

‘)= z(%)—;lzog x)({)gl —log z

L xz
Pubting f'(x)zo, we get l—logx=.'0’ or, log r= 1=l°g 2. OF gk
21V (1 — .
Agﬁin 'f"(z)gz ( .) (1 108 z) 2%

and at z=¢, f'(x)== ‘—(1- 1)ge -negstive
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Hence there I8 & maximum ot Z=e¢ and the maximum values of

~loge_1
f(x)""T e.

VIII-4, Applications to Problems.

Physics and other sciences.

In solving a problem in which the maximum or & minimum value
of a quantity ig needed, we should al

Ways be guided by the following
important principle : ' ' ‘

Express the quantity,

of which the maximum or minimum
value is required, as a fune

tion of one unknownp,

In some cases it may be necessar
of two or more unknowns,
express all these unknowns i

Y 9 express the quantity in terms
and then by means of a given conditio
n terms of one of thém._ "

: InAconnection with . the problems concerning spheres, cones and
cylinder, the following--results would be often needed and as such
should be committed to memory, - i g

1. Sphere of Radius r.

n to

Volume= iﬂr? . Surface=4nr2 o
2. Circular cylinder of hesght R and radiys of'_base r.
Volume=xr2p, Curved surface=9nrps, A

The area of each plane face=x72,

8. Circular cone of height h, and rddz‘u.s;of base r.

Semi-vertical angle=tan=1(r/p), :"Sla.nt height= ,,/(r“_’>+h9)',

-Volume=%nr2h,. Curved surface=zp J(r2+52),

Here cones and cylinders. are always suppo'sed,to Be ri

Ex, 18. Divide a number 15 in

to two parts such that the square
Ud . j
of one multiplied with the cube of the other is a maximum: ‘

Solution : Let 'one,,of the parts be z,

ght 6ircular.-

then other pa.i-b is -15--:;,7

Let P=z2%(16-z)3, ., 'g=2z(15¥¢)34-3x9(15—x)9,




