DIMENSIONAL AND MODEL
ANALYSIS



Model Analysis

e

7.6 MODEL TESTING |
Since the beginning of the twentieth century, the engineers have started a new and

scientific method to predict the performance of their structures and machines before they are
made and installed. This is done by preparing models and testing them in the laboratory, so as
to form some opinions about the working and behavior of the proposed structurcs, after their
completion or actual installation. The structure, of which the model is prepared, is known as

prototype and the model is known as the physical model or scale model or simply model.

The principal advantages of model testing are:
1. The behavior and working details of a hydraulic structure or machine can be easily

predicted by performing experiments on its model.
2. If the hydraulic structurc or machinc is made directly, then in case ol failure, it is

very difficult to change its design. Morcover, it is very costly to build the same. Thus, making
the laboratory results in the saving of human labor and material.

a model and testing it in
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inalls -tjh V"lthtthe help of model testing, a number of alterative designs can be studicd
tnally b r—:I most economical, accurate and safe design may be selccted.
. In case when an existing structure is not functioning properly, its defects can be

detected and rectified by model testing.

5.. Sometimes, it is very difficult to design a particular portion of a complex structure
or machinc. In such cases the model testing becomes absolutely necessary to ascertain the
safety and reliability of that particular portion of the prototype.

Following are the fields where the application of the model testing is ol great use:

(a) Water power engineering

(i) Turbines and pumps
(ii) Hydraulic structures like dams, weirs, spillways, canal falls, etc.

(b) Irrigation engineering
(i) Flood control

(ii) River training e Senige i T
(iii) Investigation of silting and scouring in rivers, irmgation can s, etC.

(c) Design of ships, harbors, ¢tc. |
(d) Dcsign of acroplancs for compressible low. 7



 Model: It is a small scale replica of the actual structure
* Prototype: It is the actual structure



Hydraulic Similarity or Similitude:

In order to have a complete idea about the construction and working of a hydraulic structure or machine, it is
very essential that the model should represent its prototype completely and fully in all respects. The similarity
between the prototype and its model is known as hydraulic similarity or hydraulic similitude.

There are three kinds of similarities which a model should possess in order that it may reproduce the behaviour
of its prototype:

- Geometric similarity
- Kinematic similarity
- Dynamic similarity



Geometric Similarity

The geometric similarity is said to exist between th
: 5 e mode :
are identical in shape; but differ only in size. Or I and the prototype, if both of them

. the geometric similarity is said
exist between the model and the protot i : ) : 3"‘ id to
cnil P ype, if the ratios of all the corresponding linear dimensions

Let L

in other words,

= Length of the prototype,
B = | width of the prototype,
D = Depth of the prototype, and :

and [, b and d = Corresponding values for the model.
Now, if the geometric similarity exists, between the prototype and the model, then the linear
ratio of the prototype and the model (also called scale ratio). o = e 3‘5\'3
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Kinematic Similarity

The kinematic similarity issaid to exist, between the model and the prototype, if both of them
have identical motions or velocities. Or in other words, the kinematic similarity is said to exist between

the model and the prototype, if the ratio of the corresponding velocities at corresponding points are
equal, i
Thet ’ V, = Velocity of liquid in prototype at point 1,

V, = Velocity of liquid in prutniype at point 2,
v,, vy = Corresponding values for the model.

Now, if the kinematic smulanty exists, between the prototype and the model, then the \"tlDClty
"tio of the prototype to the mndcl _‘__,) qc\n\"s"jq
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Dynamic Similarity

/ The dynamic similarity is said to exist, between the 'rnnf:iel iand .lhc prntptype, if both of them
have identical forces. Or in other words, the dynamic similarity is said to .ex:g betwgen the model
and the prototype, if the ratios of the corresponding forces acting at corresponding points are equal,

Let 2 F, = Force acting in the prototype at point 1, and
F, = Force acting in the prototype at point 2,
fi, f> = Corresponding values for the model.

Now, if the dynamic similarity exists between the prototype and the model, then the force rato
of the prototype and the model,

F, --j-=m {(\Oéa’\



=9 TYPESOF D YELS : o i n A

= [;II:E !;c'llmotglls may be broadly classilicd nto the following tWO types. III:
1. Undistorted model

)
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2. Distorted model
undistorted when the horizontal and

is said to be :
ce) are same. An undistorted model i 2
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he model results can
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Velocity of Water in the Prototype for the given
velocity in Undistorted Model

Consider an undistorted model geometrically similar to a proposed prototype like.a weir, dam, |

spillway etc.

Head of water over the model, : |

I_‘G[ h = ® &
v = Velocity of water at a point in the model, i
H, V = Corresponding values for the prototype. |L
1 _ *scale ratio of the model to the prototype. *;
s
We know that the velocity of water in the model, . |
v=c, VBgh . iy
Similarly, velocity of water on the corresponding point in the prototype,
V=2C, V2gH , i) |
Dividing the equation (i) by (ii), -
c, V2gh vh ' _ i |
= C, V2gH = VH ...(Taking ¢, = ¢/
1
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Discharge of Prototype for the Given Discharge of an
Undistorted Model

i Consider an undistorted model geometrically similar to a prototype, like a weir, notch or
spillway etc. . :

Let

a = Area of discharge of the model,
v .= Actual velocity of water in the model,
g = Discharge of the model,

A, V, Q = Corresponding values for the prototype?

* = Scale ratio of model to prototype.
S- : i

We know that the discharge of the model,
g = Area X Velocity = a X v )
Similarly, discharge through the correspoyding area of the prototype, |
' Q=AXYV : : ..(id)
Dividing the equation (i) by (if),
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Force of Resistance of the Prototype for the Given Force of
Resistance of an Undistorted Model

Consider an undistorted mo;:!e.l geometrically similar to a prototype, like a ship, aeroplane eic.
Let a = Area of model subjected to resistance,
v = WVelocity of the model, .
e - A, V = Corresponding values for the prototype, and

1 5 5

e Scale ratio of model to prototype.
We know that the force on the model

- = Mass x Acceleration

= (Volume x Mass density) x Helochy
: - Time

=

ModiGl ATasrp=m= e - ey

_ NVolume :
= —‘ﬁ"ng—x Mass density x Velocity

= (Area x Velocity) x Mass density x Velocity
= Areax Mass density x ""0«-"'4..-,lu::n:it}-r2

=a xp x v -8
Similarly, force on the prototype, .
F=Axpx V ...(d0)

Dividing equation (i) by (i),
- - = 2
2 A P Ve 5 (v \_’;) 5
or F=jfxs
Note : If the model is tested in a different fluid (i e. other than the fluid. in which the prototype is to move,
the comresponding value for the force will become:

F = f x -EE = 5
m
where p, and p,, are the mass densities of the fluids, in which the prototype and the model is to move.



Speed of the Prototype for the Given Speed of an Undistorted
Model

Consider a undistorted model geometrically similar to a prototype, like a centrifugal pump or turbine

Let d = Diameter of the model impeller,
v = Tangential velocity of the model impeller,

n = Speed of the model runner,
D, V, N = Corresponding values for the prototype runner, and

% = Scale ratio of model to prototype,

We know that tangential velocity of the model impeller,
va i, SOV r
Similarly, speed of the prototype runner,
: N 60V A
D =

Divising the equation (i) by (if),
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Time of Emptying a Prototype for the Given Time of
Emptying of an Undistorted Model

Consider an undistorted model, geometrically similar to a prototype
Let '

like a tank or a reservoir.
v = Total volume of water in the model,

4 = Rate of discharge of water in the model,
V.Q = Eﬂrrespnndir_lg values for the prototype, and

e Scale ratio of thle model to the prototype.
We know that time of emptying the model,

~ Total volume

_ <, * L
= Rate nfdig:ha:gﬂ = q A0
anln:'l time of emptying the prototype,
; : v ;
| T=2 (i)
Dividing equation (i) by (ii),
v
L___q_=£xgzl:h{1.ﬁzl |
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Velocity of Water in the Prototype for the Given Velocity
of Water of a Distorted Model

Consider a distorted model of protolype like a weir, dam or spillway etc.
Let | h = Head of water over the model,
v = Velocity of water at some point in the model,

H, V = Corresponding values for the prototype.

1 e A .
— = Horizontal scale ratio of the model to the prototype,

SH
1 . "
ot Vertical scale ratio of the model and the prototype:
W .
We know that the velocity of water in the model,
| v=rc, V2gh - . (f)
Similarly, the velocity of water in the prototype, '
V' = C‘, "'JEEH ' -.-(df)

Dividing equation () by (ii), ~
. v e, V2gh i
V= C, Y2gH VH

S T &
- H -Tv‘_;"‘#

V= vy

-(Takingec, = C,)



Discharge of Prototype for the Given Discharge of a
Distorted Model

Consider a distorted model of a prototype like a weir,notch, spillway etc

Let ! = Length of the model,

i = Height of the model, through which the discharge is
taking place,

v = Actual velocisy of water in the model,
I, H, V = Corresponding values for the prototype,
?I-— = Horizontal scale ratio of the model to the prototype, and
H
1 : ; : ;
—_— T
=<3 Vertical scale ratio of the mode! to the prototype.

We know that the discharge of the model,

g = Area % Velocity = (Length % Heighrt) = Velocity
= I % h »x v

N _ . ALE)
Similarly, discharge of the prototype,
: Q=L x H % V ' i)
Dividing equation (i) by (i), “
g _ Ixhxv Al h L
U LxHxV L§L*ygx%xg
I v



Sample Problems on Undistorted
And Distorted Model



Math: The discharge over a model, which is reduced to 1:100 in all its dimensions is 1.5
litre/s. What is the corresponding discharge in the prototype?

Q=qgx(s)>> =1.5x(100)2> =150000 litre/sec =150 m3 /s

Math: The resistance on a ship is to be found out from the model tests on 1:60 model in wind tunnel.
If the drag on the model was found t 0.005 N, what will be the drag on the prototype? Take the density
of the air as 1.2 kg/m3

F=fx(pp/pm)xs3=0.005x (1030/1.2) x (603
=927000 N

The mass density of sea water is 1030 kg/m3



Math : A wode\ of SP}HWQJ 5 constructed to o seale oF
1220 in & Hlume . The ]eng-Hq of the spillway 75 30m. TF
the dischatge over the spillway b 4he Lead of  &m (depth
of Flow ovese 51"'“‘“‘""*3) 1% 4436 cume s, a.qlCulq{ﬂ? +2
dc-rtm?ePomcliﬂg lhead and an‘t.SCL\CU'ZQQ o the model fzezc[u,imecf
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S
Now g,f__‘:— =) L= 2 -2 _ - 0-2m
de|
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Math: A pump T8 a Saawcm:\ge_ di.5P05q| wonks 15 r‘a‘:[tﬂﬂﬁcl
4n work a¥ & SPQQ‘; of 250 gpm. Find the gpeed of

He moael w\niclm has a .scq(ﬁ’_ rzcrHG of 4425,

-
=) 150 =5
= 1250 P



Ml A model oF war is made to a hmzontal sede

of '2'\‘" AT vohieal  seale "é— Find Hhe CUSCL\CU'Cga o+
D \
e protedype, 1F the model 75 dischanging 1 filrefs
\ ‘ - -_\_.__ = —i-d . g 7—9
ﬂ)Gu«ahjg;‘“%'JSH’qojsv 9 .
["h

:Q)L 40 Y 9“9

- 1080 M‘I:RQ/SQQ



EWCE 261

FLUID MECHANICS
3 Credit Hour

Fuad Hasan
Lecturer
Department of Environmental, Water Resources and Coastal Engineering (EWCE)

Military Institute of Science and Technology



DIMENSIONAL AND MODEL
ANALYSIS



Introduction to Dimensional Analysis

In the recent past, there has been a rapid development in the field of Fluid Mechanics As 3
result of this development, several new problems are met with by the engineers. These Problems
generally pertain to the design, construction as well as efficient working of various types of hydrauji
structures and machines. Some of these problems may be easily solved by the mathematical analysis
whereas others may be difficult to solve due to their complex nature. The solution of such problens
is considerably simplified by the use of dimensional analysis.

Strictly speaking, the dimensional analysis is a mathematical technique, which deals with the
dimensions of the physical quantities involved in the phenomenon. It is based on the assumption tha
the phenomenon can be expressed by a dimensionally homogeneous equation, with certain variables

These days, the dimensional analysis is widely used in research work for developing design critens
and also for conducting model tests.



Fundamental Dimensions:

All physical quantities are measured by comparison. This comparison is always made with
resPect‘ to some arbitrarily fixed value for each independent quantity, called dimension (=g., length.
mass, ime, lemperature etc., ). Since there is no direct relationship between these dimensions, therefore
they are called fundamental dimensions or fundamental quantities. Some other quantities such &
area, volume, \:clocily, force etc., cannot be expressed in terms of fundamental dimensions and thus
may be called derived dimensions, derived quantities or secondary quantities.

There are two systems for fundamental dimensions namely MLT (i.e., mass, length and ume)
and FLT (i.e., force, length and time). The dimensional form of any quantity is in.dependcn( of any
system of units. Some engineers prefer (o use force instead of mass as fundamental quantity, as the
former is easy to measure. But in this book, we shall use the MLT system.

The following table gives the dimensions and units for the various physical quanuues, which
are important from the subject point of view -



f some physical quantities

Table 7.1 Dimensions and umis o
Sl Quunuity & SI Dimension in Dimension in
No. symbol unit MLT system FLT system
l. Length (/1) m_ L L
- 5 Arca (A) m; L‘) l‘..
3. Volume (V) m L L
4.  Time () s 2 g S
5. Velocny (V) nmvs LT LT
6. Acccleration (a) m/s’ LEs LT
7 Gravitational acccleration(g) m/s’ 59 N L
8. Frequency (N) /s y s T
9. Discharge (Q) m’/s - L*r
10. Force (F)'Weight (W) N MLT? F
11. Power (P) W MLT? FLT'
12. Work Energy (E) N-morJ MLT? FL
13. Pressurce (p) N/m’ ML'T? FL™
14. Mass (M) kg M FTL
15. Mass density (p) kg/m’ ML? FroL™
16. Specific weight (y) N/m’ MLZT? FL?
17. Dynamic viscosity () N-s/m> ML'T' FTL™?
18. Kinematic viscosity (v) m’/s LT L5
19. Surface tension (o) N/m MT? FL'
20. Shegr stress (1) N/m? ML T2 FL?Z
21. Modulus of elasticity (K) N/m° ML'T? FL2
22. Angular velocity (©) rad/s ! 1 o
23. Torque (T) N-m ML *T? FL
N/m*> ML'T~ FL™

24. Bulk Modulus



The dimensional analysis is a mathematical technique which deals with
the dimensions of the physical quantities involved in the phenomenon.

1. To know if any equation is dimensionally homogeneous or
Di m e n S i O n a I not.(Example in next slide)

2. To find out dimension. Suppose, Area = Length x Width =L x L= L2

A [ )
nalysis




Dimensional Homogeneity

An equation 1s called dimensionally homogeneous if the dimensions have identical
powers on both sides. Such an equation is also known as a rational equation. A dimensionally
homogenzous equation would essentially be independent of the system ol units (ie. S,
Metric or English). Let us consider the most common equation of hydraulics

Example 2. .
e L. distence L -7
)= AV P= Feina., &==7— %TSE = T#t
‘ | . Ma MLT _ M > = 777
p - ﬁ L\r M LT~ g .
: : ; mg : - ML T
l Dimensionally, 3. L .= E )
| \4 Vv L i e ML_\_‘_
Examp|91 - %h & M T w
1 s-l
LT =L%xL]1
-]
=T = Ph=MLT T

imenst heref lon 18
So, both sides of the equation have the wnc dimensions. Therefore, the equat

dimensinnallv hamaogeneous or rational, | I



~JXDHIENSIONAL ANALYSIS -
Dimensional analysis is a mathematical technique which deals with the dimensions of
physical quantitics involved in the phcnomcm:\j‘Each physical phcnomenon can be
cxpressed by an cquation giving rclationship bel different quantitics. In general, any
variable present in a physical phenomenon is a dimensional quantily. Dimensional analysis
helps us to determine a convenient arrangement of quantitics or variables in a physical
relationship. This is accomplished by forming a number of non-dimensional groups out of a
given number of dimensional quantitics so that variables can be reduced. These days the
dimensional analysis is widely used in research work for developing design criteria and also
for conducting model test. . '
= use of dimensional analysis can be summarized as follows:

It helps to find whether an equation ol any flow phegomenon is rational or not. The
equation is called rational if itis dimensionally homogeneous,/JThis is to say that dimensional
analysis can be applied only when a phenomenon can be expressed by a dimensionally

homogeneous equation. . o _ . : |
82 wnnclaip hetweeri various physical quantities in an equation, govemning a

- an be known.
parllcular ﬂ%wlplut:;::l;‘:ﬂzzi’mof variables involved ina flow phcnomcno\chi(h
i jance ol experiments becomes casy. .

| formula for the flow phenomenon can be derived. i
n making suitable smaller-sized models in which experiments can be

the performance of prototypes. . AN
he whole, facilitates planning of reliable scientific

which the perforn
4. Rational I
5. It hclp§ i
ed to predict .
form6 Di:l;cnsional analysis, on |

experiments:

per
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Methods of Dimensional Analysis:

Dimensional analysis enables the mathematical formulation of 2 physical
phenomenon when the variables which are involved in the phenomencn are known. The
methods of dimensional analysis enable us to combine the variables involved into compact
non-dimensional groups and obtain a functional relationship between them. There are two
methods of dimensional analysis:

I. Rayleigh's mcthod
2. Buckingham’s method, generally known as Buckingham’s m-thcorem.



Rayleigh’s Method

This method was originally proposed by Lord Rayleigh in 1899. [n this method. the
dependent variable is expressed as a function of the exponents (or powers) of (he independent
variables. The dependent variable is one for which information is required, whereas the
independent variables are those which govern the variation of the dependent variable. ITyis
the dependent variable and x,, xi, X3, ...... are the independent variables involved in a

physical process, then the functional relation may be written as

SO )

‘\h'h cre¢

e b, C, ...... arc the exponents or powers ol X, X3, X, ...... , respectively The values
0 E‘.r '3

» -+ are obtained using the principle of dimensional homogeneity.

0



MATH EXAMPLE ON
RAYLEIGH’S METHOD



Math Example of Rayleigh’s Mejchod:' _ .
Question: [f the capillary rise (h) depends upon the specific weight (y), sur
liquid (o) and the radius nf_'_th_t: tube ELJ show that \ |
J

o T -]
h=rf[rrz) /\_/\— . )XKQ“S

I.ct the Minctional relationship be

face tension of the

hoc p“ o re | (1)
Substituting the respective dimensions in (i), we get
L oc (MLZT )" (MT )" (L) (ii)

Now, for dimensional homogencity, equating the powers of M, LL and T on both sides of (i),
wce get

lor M, O=ua-+b (111)
for L, | =-2a+c (iv)
for T, 0=-2a—-2b (v)

From (iii), weget a=-b
From (iv), weget c¢=1+2a=1-2b

Now, substituting the values of a and c in (i), we get

T
hoc 370 50 1-28



o h o
or, h« r[——,—f or, — < (_—TT
7 it r yr

- The functional relationship may be expressed as



Example 7

Derive a rational formula for pipe flow having given the following quantitics affecting
the flow phenomenon: F is the boundary friction force, ju is the viscosity, p is the mass
density, V is the velocity of flow, D is the pipe diameter and k is the surface roughness.



————
- -

Solution  Assuming that F=f(y, p, V, D, k) (D)
Fou® p’VeD k¢ (ii)

or, dimensionally
MLT™ o« (ML'1"" )" (ML) (LT ") (L)' (L) (iii)

Equating indices of M, L and T on both sides, we get

For M, l=a+b (iv)
For L, |=-a-3b+c+d+ec . (v)

For T, -2=-a-c¢ (vi)
From (iv), we have b=1-a ( v'i.i )
From (vi), wc have c¢=2-a (viii)
From (v). we have d=1+a43b-c—c=I+a +3-3a-2+a Q

2-a-@ (substituting lor b and ¢) (ix)



E‘mr\cvl:\r\g b Q O\V\d cl -pr‘com L\) wdc L\Q\VQ
Foék/“) | (F)l a k)Q a \b)‘l —a-¢ Kk)Q
e [:OU'OVVDV. L/%.f” V)% )C*’{ KK D)<
D ru PV (LAY
e -
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Buckingham’s Method or Buckingham’s #-Theorem

This method was'originally proposed by Edgar Buckingham in 1915, Tpe Raylcigp
method of dimensional analysis becomes cumbersome when a large number of Variables ":
involved. In order to ove?come this difficulty, the Buckingham's methog may [y

conveniently used. It states(“lf there are_n variables in a dimensionally honogenegys
equation, and if these variableXtontain m fundalnenlal dimensions, they

n-m non-dimensional independent parameters.”

Mathematically, if a variable x; depend® upon a number of independent variables X,
B Uuc ki N g h 3 m' S X3, X4, .-+, Xn, the functional equation may be wrillen as
Method or

Buckingham's pi
Theorem

may Wﬂw

where f is another function,

If =,x,x,,

represent dimensionless groupings of the variables Xy, X, X3, <..ov

Xy With m dimensions involved, then according (o Buckingham's - theorem, an cquation of
the form

F(r,,m,,7,,

..... x,.)=0 | (7.1)
exists, M(erAlill another function.




Steps of Buckingham’s Methods are given below: )
. Write the functional relationship with the given data.

. Then write the equation in its general form.
3. Now choose m repeating variables and write separatc expression for cach x-term,
Each x-term will contain the repeating variables and onc of the remaining variables. The

repeating variables are wrillen in exponential form,
4. Usc the principle of dimensional homogencily (o find out the values of the

cxponents or powers by obtaining simultancous cquations.
5. Now substitute the values of the exponents or powers in the 7 -terms.
6. After the m-terms are determined, wrile the functional relation in the required

form\

Following Points must be considered while selecting repeating variables:
1. The number of repealing variables should be equal to' m,” the number of

fundamental dimensions. .
2. The repeating variables should not be dimensionless and the repeating variables

anjpng themselves should not form a dimensionless number.
3. Independent viriables should, as Far as possible, be sclected as repeating variables.

Generally, the repeating variables sclected are p, V' oand [, i.c. the [irst repeating
variable will represent theAluid property, the second will represent the Mlow characteristics
and the third will )?rc t the geometrical characteristics of the body.



Fluia Prwo PQ"CPJ <\..,M’f )’



Buckingham’s Pi
Theorem Math
Example




Math: Prove that the discharge over a spillway is given by the relation-

D H

= vD*|-&

- .4

where V = Velocity of flow; D = Depth at the throat; H = Head of water and g = Acceleration due
1o grawty

Solution. Given : Discharge = Q; Velocity of flow = :V; Depth at the throat = D; Head of water
= H and acceleration due to gravity = g.

Let the functional relationship be,
Q = f[V, D, H, g] Here, n = 5
" The above equation in its general form may be written as, = _
So we need (n-m)=(5-2)=3 pi terms
_ﬂQ‘l Vv D'l H‘l g) = 0
A little consideration will show, that in the above equation, the primary dimensions are only
two. Thus m = 2. Taking V and D as repeating variables, we get |

n=W"'.o".0 )

-

: . I [N .
*. The most suitable variables are those, which contain flow characteristics (such as velocity, mass, density etc.).



Substituting the dimensions in both sides of the above equation,

or MPLOT = (LT x (L) x (2377

Now for dimensional homogeneity, equating the powers of M, L and T on both sides of
equation, : ' =

For T, O=-ag, - 1lora =-1

For L, O=a, + b, +3

or Oy m~3—gym=F<(—1)==2

Substituting the values, of aj and b in equation (i),
m=V'. D2 0

Q 4

el VD2 i)
Similarly, m=W2D?H
Substituting the dimensions in both sides of the above equation,
or MLT® = [LT'12 x (L]*?x (L)
_Now for dimensional homogeneity, equating the powers of M, L and T on both sides of the

equation, :
For T, 0==-agq or a =0
For L, O=a,+b,+1 orby==a;—1=0=1m=1
Thus x, = VW.D' H
H

' (i)
D



and = (VD) g

Substituting the dimensions in both sidcs of the above equation,

equul::w for dimensional homogeneity, equating the powers of M, L and T on both sides of ¢
Ol'. 0=a3+b3+lorb3=_03_l=_(_2)_l=+l
m -—
us "3=V'2.D'.g=8_‘?.
= —-& ...(n')

v
Now the functional rclnlionship be written as,

Q H 8D

NNvpt 'br v |=0
_2 -r|Ya2 H
vV ' D|

\[__
// = VD f[ fl] K, i .
. & 12. The re ‘,‘

.'.h“. d
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Math Example 2 (Buckingham’s Pi theorem):

The resisting force (F) of a supersonic plane during flight can be considered as dependent upon the length of aircraft (1),
Velocity (V), air viscosity (M),air density (p),bulk modulus of air(k). Express the functional relationship between
These variables and the resisting force.

solution
Given,
Resisting force =F < Here, total variables, n=6
Length of the aircraft = | Fundamental dimensions, m=3
Velocity of the aircraft=VvV— So pi terms required=n-m=(6-3)=3
Air viscosity = U
Air density = p

Bulk modulus of air=K



teCOSILY = P» = =" — “alat: .
vi Let the functional relationship be,

' . F=fll,V,unp K]
The above equation, in its general form, may be written as,

f(le. V. u-. p,K)=O ' dimensionsare(hrec
A little considcrgtion will show, that in the above equation, the primary
only. Thus m = 3, Taking /, V and p as repeating variables, we get
mo= O™ W (). F
Substituting the dimension in both sides of the above equation,
MO0 = (0, (LT, (ML) (MLT) both sides of the
: Now for dimensional homogeneity, equating the powers of M, L and T on
equation, LU
For M, O=¢ +1 or ¢ = .
For T, 0=-0b —2 or bn“"z
For L, O0=a + b — 3¢, +1 or & =7
m=OLWENF
i e ; (D)
b - PV

. Similarly n, = (D™ W2 (P)*% 1

- - - --‘A.:An



| . v o
Similarly m, = D2 W@ 1
Substituting the dimension in both sides of the above cquatibh.
AOIOT® = (L)% LT HAML ML T) :

Now for dimensional homogeneity, equating the power of M, L and T on both sides of the

"|aﬁon.

For M, O=cy +1 or c, = — 1
For T, 0=— by — 1 or by = — 1
For L, O=a2+b2—3c2—l or a, = — 1

o= @ E

W : '
lVp ' » ...(20)
and n = OP. NP7 K

Substituting the dimension in both sides of the above equation,

AMOLOTO = (P LT H. (ML), (ML™'T?)

Now for di . 21 homogeneity, equating the powers of M,

o o imension E L and T on both sides of the

FOrM. = 0=C3+ l . or c¢ el

For T O w — by — 2 y &3 1
¥ i or by = — 2

For L, 0 =a; + bi — 36 — 1 : i ]

| no= M%) . K L

-
Vip .- (#id)



Now the functional relationship may be written s :
LN &
12V2p W’ Vzp}

y ' e
QR




Types of Forces Present in a Moving Liquid:

When a liquid is in motion, some forces are always involved in the phenomenon of flow. But there are always
one or two forces, which dominate the other forces, and they govern the flow of the liquid and keep it in motion.
The following which forces are present in a moving liquid, are important from the subject point of view:

* |nertia Force

* Viscous Force

* Gravity Force

e Surface Tension Force
* Pressure Force

e Elastic Force



Inertia Force:
The inertia force is the prg_o_lggc_of mass and acceleration of flowing liquid, and is always existing in the phenomenon
of the liquid flow.

Viscous Flow:
The viscous force is the product of shear stress, due to viscosity and cross-sectional area of flow.

Gravity Force:
The gravity force is the product of mass and acceleration, due to gravity of a flowing liquid.

Surface Tension Force:
The surface tension force is the product of surface tension per unit length and length of the surface of flowing
liquid.

Pressure Force:
The pressure force is the product of intensity of pressure and the area of a flowing liquid.

Elastic Force:
The elastic force is the product of the elastic stress and the area of a flowing liquid.



Reynold’s Number:

/ The Reynold's number is the ratio of inertia force to the viscous force. If viscous force is the
predominating force in the model and the prototype, dynamic similarity is said to exist between the
two, when the Reynold's number for the model and the prototype is the same. e. g., Reynold’s number,

R Inertia force \}</
Viscous force
Mass X Acceleration
Shear stress X Cross —sectional area
Volume x Mass Density X (Velocity / Time)
Shear stress X Cross—sectional area

DS
%:ec
I

\0 0 .
& v)(" _ (Volume /Time) x Mass Density x Velocity
. CL I Shear stress x Cross—sectional area
/_)\D :l;‘ - Cross—sectional area X Velocity x Mass density x Velocity
7] F. Shear stress x Cross sectional area '
Q’$ _ Velocity x Mass density x Velocity
N Shear stress
‘» _YpV _VpV Vp_ Vv.L
; dv Vo p o o
“- y u‘ L L p 2
v.L 3"}
0

N
I
.

wift



Froude’s Number:

The Froude’s number is the ratio of inertia force and gravity force. If gravity force is the predominating force in the model

and prototype, dynamichimiIaritwid to exist between the two, when the Froude’s number of the model and prototype
IS same.

.. Ratio of these two forces

_ Inertia_force
~ Gravity force
e .
Mass x Acceleration
Mass X Acceleration due to gravity

o (Velocity/Time) '
~ Acceleration due to gravi
4 .
T Y v . b
g T¢ L
v <&

Now the Froude's number is the square root of this ratro. L.ée.,

[VF_ v
/ PNy Lg VLg

el il ’_<



Weber’s Number:

and prototype is the same.

The Weber’s number is the ratio of inertia force to the surface tension force. If the surface tension force is the predominating
force in the model and prototype, dynamic similarity is said to exist between the two, when the Weber’s number for the model

+. Ratio of these two forces

Inertia forceé
Surface tension force
————

Mass X Acceleration
= Surface tension per unit length x Length

(Volume X Mass density) (Velocity / Time)
= " Surface tension per unit length x Length

-(Volume / Time) X Mass density x Velocity
=~ Sunface tension per unit length X Length

Cross—sectional area X Velocity x (Mass density X Velocity)

Surface tension per unit length X Length
L’vpV _ pLV?
- oL c

Now Weber’s number is the square root of this ratio. i.e.,

LV v Vv
W~=\/‘°T=/?= =
pL \/ pL



Euler’s Number:
The Euler’s number is the ratio of inertia force and pressure force. If the pressure force is the predominating force

in the model and the prototype, dynamic similarity is said to exist between the two, when the Euler’s number for the model

and prototype is same.

Inertia force

Pressure Force
Mass X Acceleration
Intensity of pressure x Area
(Volume x Mass density) x (Velocity / Time)
Intensity of pressure X Area

(Volume / Time) X Mass density X Velocity
- . Intensity of pressure X Area

(Cross—sectional area) X Velocity x Mass density X Velocity
= Intensity of pressure X Area

Velocity X Mass density x Velocity
B Intensity of pressure

LYoV . W )
s P : o ) 706/
Now Euler's number is the square root of this ratio. L€, -
2 2 “J
: - __EV" = “i’ =5
=% " Ve J %%
p

Note : The reciprocal of Eular number is calledwqq'« & A



Mach Number or Cauchy Number:

e ———

The Mach's or Cauchy’s number is the ratio of inertia force and the elastic force. If the elastic
force is the Padominating force in the model and the prototype, dynamic similarity is said to exist
between the WL when the Mach’s number for the model and the prototype is the same.

~.Ratio of Luge 1wo forces

_ Inertia force
* Elastic force

_ Mass x_ Acceleration
Elastic stress X Area

_ (_"'_-"Ulurne » Mass density) x (Velocity/Time)
Elastic stress x Area
(Volume/Time) x Mass density x Velocity
Elastic stress X Area
(Cross—sectional area x Velocity) x (Mass density x Velocity)
Elastic stress » Area

_ Velocity x Mass density x Velocity 1,"::-'?
- Elastic stress g\
_VvpVv _Vp .
e e squar oA

Now Mach's number is the 5qua:: root of this ratio. €., &.}TL?

o

V2 K _ Vo
M= =N o /KT VR h
P



MATH EXAMPLES



Example 1 the

oJee Hie S amd | F—,‘na \/n, Tn’ QA O~rc .

9> C\"L = Fr(
F ""\/
™)
—.-:) Vf =
\l aPLP ‘IC‘;MLM
N P
_— - —_—

7) \ITZT'\I L-rL
N Vn=\rE:

Tp

\

‘:nouc‘Q Numberc of o MOAQ.\ cw\d vis P'TO‘l'D‘tjpe

lLa

p means prototype

m means model

Vr= velocity ratio

ar = accelaration ratio
Tr = time ratio
Qr=dicharge ratio



Forae = mass st acce]azation

= PV ﬁccé‘mo\\,—?on
v

= %
= (P A L)%L r el
= PPNV
~)>P\)Lv>u/’)ﬁ\l
7 .
—’—Prz-LrL

£ pis seme for mode] & protetype, then

e = L



Example 7.4

The performance of a ship was predicted by making its model and testing it ia wind
tunnel. The length of the prototype was 350 m and its model was 10 m long. The v for air is
1.25 times that of water. The velocity of air around the model in the wind tunnel was
measured as 33 m/s. Find the velocity of actual ship in water if the model has dynamic
similarity with the prototype and the flow is governed by Reynolds law.

Solution  Here, Ly =350m, Ly =10m, vy = 1.25v;, Vi =3 m/s
N

« e eq_ s inematjc viscqsity
We know, for dynamic similarity between Iﬁm model and the prototype, the Reynolds

number of model and prototype should be equal.
- VFLP _ Vm Lm




Math: A channel model 250 mm deep is discharging water with a velocity of 1.5 m/s. Find the velocity of
water in the channel 4 m deep, if the model has dynamic similarity with its prototype and the flow is
governed by Froude law.

,I

Vi = 1.5 m/s, gy = g (Since the model and the protolype are i the same p\;\w)

We know, for dynamic similarily between the model and the prototype, the Vroudy
number of model and prototype should be equal.

V/, 14

m '

g r \/g wln scale ratio, Lr = (Lp/Lm) = (4/0.25) = 16 /1

g L
gm L ‘/-X\/_6X15 =0m/s




Math: Water flows over a crest of 1:35 model spiilway and the velocity measured at a particular point is 0.4 m/s.
What velocity does this represent in the prototype? The force exerted on a certain area of the model is measured
to be 0.12 N. What would be the force on the corresponding area in the prototype? The model has dynamic similarity

with the prototype and flow is governed by Froude number.

Lwm  _ _\ Fe = i gissameformodel:Jnd prototype
-;) —Lp 35 -.z)k____)‘)_ q‘:m y
-~ 0am/ 5
Vo =) Vo= Vp L ) K
Vo= ")
' VP*‘*k
Here, Density is same =) Vp = Vm \LKB‘?) 2\ — -
" = pa w(3B) 2= 23mE
Novd) Frz-’ LT( 3
EM:O'\Z'\"]

B @m):k t:‘

—

> > Fon = &3‘5) X0 \Z = 5145 N
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See the math carefully, some corrections are made in the question

2\ 107 N/m”



