Fourier Series

4. Integrals

Formula for integration by parts: f; uj—id:c = [uU]Z - ab g—;y dx
(@) | [ flx)de | f(2) | [ f(z)da
ntl T

a" T m#A-) @] @) | Y (£ -1

L In || i In |g ()

ev ev a® = (a>0)

sin x —cosT sinh x coshz

cosT sinx coshz sinh x

tan z —In |cos z| tanh x In cosh z

cosecr | In |tan §| cosech x In }tanh 3 |

sec In|secz + tanz| || sechx 2tan~—1e”

sec? tan x sech” r tanh x

cotx In |sin x| cothz In |sinh z|

) STn 2 12 STnh 2

sin“ « 5 — =T sinh” x ST -2

COSQ - % + s]n42.7: Coshz T SanZI + %
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Fourier Series

S  [[f@dr [ fl@) [[flx)de |

T4 | atanT d =z | 2 |3E3| (0<[z]<a)
(a>0) - 32 0| 222 (|2 > a>0)

\/ﬁ sin™?! z \/a21+w2 In |2V 22_,_302 (a >0)
(—a<ax<a) ¢z21_a2 In |ZHV22=02 | (15 0 0)

@=a? | gl (3) | VAT | g [sinh (3) + 2V

+2= | | Vo —a? | 4 [ cosh ™! (2) + 2T
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Fourier Series

5. Useful trig results

When calculating the Fourier coefficients a,, and b,, , for which n =
1,2,3, ..., the following trig. results are useful. Each of these results,
which are also true for n = 0,—1,-2,-3,..., can be deduced from
the graph of sinz or that of cosx

sin(x)
1
® sinnt =0 5
2T n ud
i
cos(x)
: —
® cosnm = (—1)" /I\ /\ /]\ x
13 2x\ in/ 0O T 2n Br
i
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Fourier Series

sin(x) cos(x)
1

AN A AN AN

T '—V\C 13 om 11 T o Br

- 0 ,neven - 0 ,nodd
lsinn§: 1 ,n=1,5,9,.. .COSTLEZ 1 ,n=0,48,..
-1 ,n=3,711,.. -1 ,n=2,6,10,...

Areas cancel when
when integrating

1
over whole periods /-I\ 1/4\ /-l\"‘
[ fsmnm dr =0 ,vn 5 \/ﬁ ~
® f cosnrdr =0 \J]

27
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Fourier Series

EXERCISE 1.
Let f(z) be a function of period 27 such that

1, —m<x<0
f(m)_{ 0, O<az<m.

a) Sketch a graph of f(z) in the interval —27 < z < 27

b) Show that the Fourier series for f(x) in the interval —7 < z < 7 is

1_2 sinz + lsin3x+ 1sin5ac+
2 7 3 )
¢) By giving an appropriate value to z, show that
T o_ 1 1 + 1 1 +
4 3 5 7
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Fourier Series

EXERCISE 2.

Let f(x) be a function of period 27 such that

0, —-m<z<0
f(x):{ z, 0<z<T.

a) Sketch a graph of f(z) in the interval =37 <z < 3r

b) Show that the Fourier series for f(z) in the interval —7 < z < 7 is

™2 +1 3+1 52+ ..
4 - COST 3 COS o 5 COS oI

1 1
+ |sinx — = sin2z 4 - sin3z — ...
2 3
¢) By giving appropriate values to , show that

HI=1-i+L-14 . and(i)T =1+LH+LH+5+...

=
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Fourier Series

EXERCISE 3.

Let f(x) be a function of period 27 such that

f(m):{x’ O<z<m

T, T<x<2m.
a) Sketch a graph of f(z) in the interval —27 < z < 27
b) Show that the Fourier series for f(z) in the interval 0 < z < 27 is

37T— 2 cos T + L cos 3z + ! cos b +
4 T 32 52

1 1
— {sinx + §sin2x+ gsin3x+ . ]
¢) By giving appropriate values to , show that

HE=1-2+3-1+... and(ii)§:1+3%+5%+%+...
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Fourier Series

EXERCISE 4.

Let f(z) be a function of period 27 such that

flz)= g over the interval 0 < z < 27.

a) Sketch a graph of f(x) in the interval 0 < z < 47

b) Show that the Fourier series for f(z) in the interval 0 < z < 27 is

T . 1 . 1 .
- — sm:v+§sm2m+§sm3m+...

2
¢) By giving an appropriate value to x, show that
T o_ 1 n 1 1 n 1
4 3 5 7 9 7
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Fourier Series

EXERCISE 5.

Let f(x) be a function of period 27 such that

T—z, O<zx<m
f(m):{ 0, n<z<2m

a) Sketch a graph of f(z) in the interval —27 < z < 27

b) Show that the Fourier series for f(z) in the interval 0 < x < 27 is

2 1 1
+ - [cos T+ — cosdxr + — cosdbr +.
T 32 52

m
4
. 1. 1. 1 .
+ sinx + 5511123: + §sm3x+ 1 sindx + ...
¢) By giving an appropriate value to x, show that

2 1+1+1+
8 32 ' 52
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Fourier Series

EXERCISE 6.

Let f(z) be a function of period 27 such that
f(z) =2 in therange — 7 <z < .

a) Sketch a graph of f(z) in the interval —37 < 2 < 37

b) Show that the Fourier series for f(z) in the interval —7 < z < 7 is
2 |si L 2z + 1 3
sinz — = sin2r + = sin3z — ...
2 3

¢) By giving an appropriate value to x, show that

T, L 11
4- 375 77
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Fourier Series

EXERCISE 7.

Let f(z) be a function of period 27 such that

f(z) = 2% over the interval — 7 < x < 7.

a) Sketch a graph of f(x) in the interval —37 <z < 3r

b) Show that the Fourier series for f(z) in the interval —7m < < 7 is

%2 —4 |cosx — Q%COSZm+ %cos?yzf
¢) By giving an appropriate value to x, show that
LR S T
6 22 032 42 T
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Fourier Series

Exercise 1.

1, —m<x<0
f("”)‘{ 0, 0<a<m,

and has period 27

a) Sketch a graph of f(z) in the interval —27 < z < 27

)

21 -
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Fourier Series

b) Fourier series representation of f(z)

STEP ONE

w=1 [ f(x)da

ie. an

1 /° 1 /"
—f flx)dx + = flx)dz
L T Jo
1 /0 1 [7
—/ 1-d$+—/ 0-dx
T J—m T Jo
0
lf dx
™ —T

£}
(==}

|
3

—
=]
\
—
\
|
—r
~—

IR IR
3
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Fourier Series

1 ™
an = —/ f(z) cosnx dz

—Tm

ie. an

I 1
—/ f(:c)cosnzdz—{—;

f(z)cosnz dz
Q 0

—T

1 0 1 T

—/ 1-cosnxdx+—/0-cosnrd:c
0

_r T

1 . .
- (sin0 — sin(—nm))
L(0 + sinnr)
nm
(0+0)=0.

1
nmw
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Fourier Series

1 ™
b, = = f(z)sinnz dx
1 [ , 17 ,
= = f(z)sinne dz + — f(x)sinnz dx
T Jo

™ —T
10 1/ .

= - 1-sinnzdx + — 0-sinnz dz
™) 7 ™ Jo

1 /0 17— 0

ie. b, = —/ sinnx dr = — {M}
™) m n _W
= fi[cos nz]®, = —— (cos0 — cos(—nm))
nmw - nmw

1 1
= —— (1 —cosnm)=——(1—(—1)"), see TRIG

nm nm

ie b — 0 , M even since (—1)" = 1 ,neven
o —2 . nodd ’ “ 1 -1 ,nodd

nm
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Fourier Series

We now have that

fz) =

[e9)

70 [an, cos nx + by, sin nz

n=1

with the three steps giving

0 , N even
ao—l,an_(),andbn_{il n odd

nw

It may be helpful to construct a table of values of b,

Substituting our results now gives the required series

1

2| . 1 . 1 .
f(gg): — — — |sinz + =sin3x + —sinbx + ...
T 3 5

2
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Fourier Series

c¢) Pick an appropriate value of x, to show that

el R it R
Comparing this series with
f()*12'+1'3+1'5+
z) =5 = |[sine+ gsindz+ esindr 4.,

we need to introduce a minus sign in front of the constants %, %,,‘ ..
So we need sinz =1, sin3x = —1, sinbr =1, sin7x = —1, etc

The first condition of sinx = 1 suggests trying = 7.
This choice gives sing + % sin3g  + % sin55  +
ie. 1 - it 3 -

Looking at the graph of f(x), we also have that f(5) = 0.

=
e B
-
R

18/68



Fourier Series

Picking x = 7 thus gives

—1_ 2| g4z 1 gip 37
0=35 W[smz—kgsmz +

e 0=4-2] 1 -

W
= ol

2 1 1 1 1
2[i-3+5-3+] -3

N
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Fourier Series

Exercise 2.

0,
,

)= {

—r <<l
0<z<m,

and has period 27

a) Sketch a graph of f(z) in the interval —37 < x < 37

Jx)
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Fourier Series

b) Fourier series representation of f(z)

STEP ONE

1

apg = —

- /_: flx)dx

ie. ag

1
T

™

3|

S

/_OW Flx)dz + %[ F)dz

1 (° 1
/ 0-dm+7/ rdx
-7 T Jo

=,
(5-0)

ol 3
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Fourier Series

™

1 [ 1
an:—f flz)cosnzdr = —
w

—m

0 1
/ f(z)cosnzdx + —
T

0 T
1
= / 0-cosnmdm+—/mcosnmd$
0

us

i 1 /7 1 sinnz]™ T sinnx
ie. a, = — rcosnrdr = —< |z — dx
T Jo T no g 0 n

ie. a,

ie. ap

(using integration by parts)

%{(Wsinnmr 70) B % Pcosﬂnm]:}
l{( 0 —0) +%[COSM]§}

us

1 1
—3 {cosnm — cos0} = — {(-=1)" -1}
{ 0 , N even
__2
n?

nodd 5 TRIG.
b

f(z) cosnz dx
0
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Fourier Series

bn:—/ f(z)sinnzdz = 1 f(m)smnmdn:+ f( ) sinnzx de
. T

—T

1 [0 1 ["
= —/ 0-sinnzdz+—/ rsinnrdr

TJex 0

ie. bn:l/ rsinnede — l{[m(icosnz)}ﬂ'i‘/ ( cosnT dm}
T Jo ™ n 0 o

(using mtegratlon by part@)

1{ 1 }
= = — ICOSTL.’)J +— cosnxdx
T n
1{ 1 1 {smnr}ﬂ}
= = — (mcosnw —0) + —
T n n no ]
1
= —(-1)"+—75(0-0 TriG
n '+ 2( ), see
1

= ("
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Fourier Series

We now have

f(z)

, neven

, nodd

ay
2

T
where ag = PR an =

Constructing a table of values gives

n=1

, neven

2 nodd

m™n

+ Z [ay, cosnz + by, sin na)

bn_{

nl 1] 2 3 4 5
2 2 1 2 1
n | =7 | 0 | =75 | 0 |75
1 1 1 1
b | 1 | =3 R 5

3= 3=

, . even

, nodd
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Fourier Series

This table of coefficients gives

flz) = % (g) + (%) cosz + 0 - cos 2z

2 1
+ | —— cos3x + 0 - cosdx
T 32

+ (-2 2 ) cossa+
- 52 COS o e

1 1
+ sinx — isinQ:EJr —sin3x — ...

ie. f(x)=

NE

™

1 1
+ |iSiIl.."} Esin2x+ gsin33:f ]

2 1 1
- - cosa:—|—3 c083$+5 cosbhx + ..
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Fourier Series

¢) Pick an appropriate value of x, to show that

Comparing this series with

flz) = 2 +1 3+1 5x + ..
T) = - COS X 3cos:v 5COS%

1 1
+ |sinx — =sin2z + -sin3z — ...|,
2 3
the required series of constants does not involve terms like 4 37, 52 , 712 e
So we need to pick a value of = that sets the cosnz terms to zero.
The TRIG section shows that cosni = 0 when n is odd, and note also

2
that cosna terms in the Fourier series all have odd n

iie. cosr=cosdz =cosdbr=..=0 whenz=73,
. T o i L _
Le. cosj =cosd33 =cosdy =..=0
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Fourier Series

Setting 2 = T in the series for f(x) gives

f(ﬂ) T 2 7r+1 37T+]. 5 4.
= — — = |cos= + = cos — + — cos —
2 4 7 2 32 2
+-Sin7rflsin2ﬂ-+1i3 7114 1_571'
L 2 2 2 3 2 4 2 5 2
2
= 2 20 +0+0 +.]
4 7
+ lf%sinfr+%-(fl)f%sin27r+%-(1)7...
=0 =0

The graph of f(z) shows that f (%) = Z, so that

T 71'+1 1+1 1+
2 4 3 5 7
o7 . 1+1 1
Le. — —-+t-—=c
4 3'5 7
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Fourier Series

Pick an appropriate value of x, to show that

(ii)§:1+3%+5%,+7i2+...

Compare this series with

2 1 1
f(m):Z - = [cosx+3—2cos3x+5—2c055m+..}

1 1
+ [sin:c — 551112:5 + gsin?)m — } .

This time, we want to use the coefficients of the cosnz terms, and
the same choice of z needs to set the sinnz terms to zero

Picking =0 gives

sinr =sin2x =sin3z =0 and cosx =cos3x =cosbr =1

Note also that the graph of f(x) gives f(z) =0 when =0

28/68



Fourier Series

Solutions to exercises 4

So, picking z = 0 gives

0 = %f% cosO+31 cosO+5—zcoso+71 cos(O+ ..
. sin0  sin0
+sin(0 — ) 3
. T 2 1 1 1
ie. 0 = Z_;_1+3_2+§+ﬁ+“}+0_0+0_m

We then find that

21+1+1+1+ o

T 32 " 52 72T T4

1 1 1 w2

d 1+ —4+ —+ —+.. = —.
an +32+52+72+ S
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Fourier Series

Exercise 3.

f) = { z

™,

O<a<m
< x<2m,

and has period 27w

a) Sketch a graph of f(z) in the interval —27 < x < 27

Jx)
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Fourier Series

b) Fourier series representation of f(x)

STEP ONE

27 T 27
=y [t = L[ fades s [ faa
m 0 ™ 0 T

™

1 ™ 1 2
= —f mdx+—[ - dx
™ Jo T Jr

1 332 1r+ﬂ_ 27
= —|— — |z
2], «
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Fourier Series

1
T

3 |

sin nx

m
n ™

27
f f(x) cosnzx dx
0
1 T 1 2
xcosnxdr + — 7 -cosnxdx
0 T Jr
1 [ r /'” sin na [sin’rmc]27T
— | |z — dz| +
v 0 0 mn n -
using integration by parts
1 . . "
— | wsinnm —0-sinn0 | —
n 0
1 . .
+ —(sinn27 — sinnm)

— COShx

3|

n2

3
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ie a, = l l 0-0) + cosnﬂ'_cosﬂ _'_l 0_0
Tin n? n? n

1
= ——(cosnm —1), see TRIG

n2w
1
= —((-D)" -1
(),
—nfw , nodd
ie. a, = {
0 , I even.
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Fourier Series

0

0

= 3= 3=

] rsinnrdr + —

(-

21
/ f(z)sinnzdzr

27
1 .
7 - sinne dx
™

m

} 7/ (fcosm:)dg:
0 0 mn

COs Tll?

2
T | —Ccosne
4| —
T

™

3

using integration by parts

—Tcosnm sinnx 1
+0)+ 5 — —(cos2nm — cosnw)
n 0 n

|
(S
aa

)t 0 -

n2

smmrsmO)] B %(17 (—1)™)
L)
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Fourier Series

ie. b, = ——(=1)"-—
ile. b, = —
We now have

[o. @]
agp .
= ? E [a,, cos nx + b, sinnx]

3 0 n even 1
where ap = ¢, anz{ 2 ’nodd , b= —=
)

Constructing a table of values gives

n 1 2 3 4 5
an [ =2 [ 0 1 —2(@) | 0 [ -2 ()
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Fourier Series

This table of coefficients gives

flz) =

NI

+ (71) [sinm + %sin?z‘ + %sin&r + ...

ie. f(x)= 3@ — % [cos:v+3%c053m+5%cos5m+...

— [sinm -+ %sian + %sin33: + ...

and we have found the required series.

(377') + (f%) [cos:z: + 0-cos2x + 3%0053:10 + ...
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Fourier Series

¢) Pick an appropriate value of z, to show that

Compare this series with

flz)= ST 2 + 55 L cos3 + 1 coss +.
x 1 — |cosz 32 cos 3z 52cos €
1 1 .
— |sinz + = 81112:L'+3sm3m+...
Here, we Want to set the cosnz terms to zero (since their coefficients
arel, & 37 52, ...). Since cosnZ = 0 when n is odd, we will try setting

™

x = 3 in the series. Note also that f( 2) 5

This gives
= 3}' - % [cos§+§cos3%+5%cos5§+ ]
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Fourier Series

and
=3 —2[0+0+0+..]
- W+3-0+3--D)+5-0)+%-(D)+..]
then
™ 37 1 1 1
F=F-(-5+5-7+.)
RS CE PO
l—2+32—2+...=7%, asrequired.

To show that

() C 1ttt dt..

We want zero sin nz terms and to use the coefficients of cosnx

38/68



Fourier Series

Setting © = 0 eliminates the sinnz terms from the series, and also
gives
1 1 1 1 1 1
cosz+§cos3r+§c0551+7—2cos7x+... = 1+§+5—2+7—2+...
(i.e. the desired series).
The graph of f(z) shows a discontinuity (a “vertical jump”) at z =0
The Fourier series converges to a value that is half-way between the

two values of f(z) around this discontinuity. That is the series will
converge to 5 at x =0

) T 3 2 1 1 1
ie. 5 = 1= |:COSO+ §COSO+ 5—2COSO+ ﬁcoso—ﬁ-...]
— [sin0+lsin0+lsin0+...]
2 3
g 3r 2 1 1 1
and 5 = I—;[1+3—2+?+ﬁ+...]7[0+0+0+...]
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Finally, this gives
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Fourier Series

Exercise 4.

‘ f(x) = %, over the interval 0 < 2 < 27 and has period 27

a) Sketch a graph of f(z) in the interval 0 < = < 4=

Jx)
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b) Fourier series representation of f(x)

STEP ONE

Il
5=
| —
INES
| I
o (%]

3

3|

i.e. ayg =

A
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Fourier Series

STEP TWO

Gp

ie. an,

G

—

3

l\’)lH

l\’)lH

[=] N"»—A

2m
f(z) cos nz dx

0

i

27r
— / — cosnz dx

sin nx oo
- = sinnx dz
n Jo

A
oo

using integration by parts

sinn2m sinn -0 1
—-0- ) —-0}
n n

0} , see TRIG
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STEP THREE

b, =

1 27

) L7y
A f(z)smn:cd:c—;/o (E)smna:dx

1 27
— / zsinnzdz
27 Jo

E{EE L )]

using integration by parts

1)1 1
—{— (—2m cosn2m +0) + — ~0}, see TRIG
27 | n n

—2m
2
gy cos(n2m)
1
— 2 cos(2
. cos(2n)

1 . .
—= , since 2n is even (see TRIG)
n
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Fourier Series

‘We now have

flz) = % + ngl [an cosnz + by, sin nx]

where ag =m, a, =0, bn:f%

These Fourier coefficients give

flz) = g+i(0—%sinm’:)

Lo

1 1
— {Sin{L‘+ Esin2x+ gsin3m+.‘.}.
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Fourier Series

¢) Pick an appropriate value of z, to show that

i R R e et
Setting © = § gives f(z) = T and
T 34[1+0,}
4 2 3
T I_P_l+l
4 2 375
T
3'5 779 4
e 1-tgi I o7
3'5 79 4
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Fourier Series

Exercise 5.

fz) = T—x ,0<z<w
= 0 , ™ < x < 27, and has period 27

a) Sketch a graph of f(z) in the interval —27 <z < 27

)
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Fourier Series

b) Fourier series representation of f(z)

STEP ONE

ag = %]:Wf(a:)dm

1 iy 1 211.'
= —f(wa:)d:r+—/ 0-dx
™ Jo T Jx
e,
= —|mz— x| +0
T 2 0
1 9 2
- 2m-F
. ™
ie. ag = —.
2
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Fourier Series

STEP TWO

ie. a, =

ie. a,

9
3

f(z)cosnzdz

1 27
(Trfm)cosnmdm+—/ 0-dz
T

ks

. sin'n,x} ™ B ‘/‘"(,1) . sin nx d.l‘} 10
n 1y Jo n

using integration by parts

{(0*0)+/ Smmjdm} , see TRIG
0 n

1 {fcosnz ]”
n n 0

1
—— (cosnm — cos0)
™m

A= J = =

—
3
\
=

BN

1
—— ((=1)"—=1) ,see TRIG
n 49/68



Fourier Series

0 ,neven
ie. a, =
r_i2 , n odd
STEP THREE
1 27
b, = = (z) sinnz dz
T™Jo
1 T 27
= — (wf:t)sinnmdz+/ 0-dz
™ Jo ™

- e L L () o
{ 0- (—g)) - % -0}, see TRIG

ie. b, =

I
Sim A=
—
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Fourier Series

In summary, ap = § and a table of other Fourier cofficients is
n 12 3 4 5
an =72 (whennisodd) || 20|24 |0 |2z

_1 1 1 1 1
bn=1 Lig| 5 |2 5
oo flx) = % + Z[ancosnr+bnsinnx]
n=1
T o Zemat 2L costet 2L cosse
=— + —cosT+ ——5cos3r + —— cosHr + ...
4 ™32 52
. 1. 1. 1 .
+s1nz+§sm21+gsm3z+Zs1n4x+...
e fla) =T + 2 + 2 o83z + = cosba +
ie. f(z)=— 4+ = |[cosx + —5 cos3x + — cosHx + ...
4 T 32 52

1 1 1
+ sinx + isin2z+ gsin31+ Zsin4m+...
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Fourier Series

¢) To show that ‘%‘:1+3%+5%+...,

note that, as  — 0, the series converges to the half-way value of %,

2
and then gzg + ;(COSO+3COSO+5COSO+ )
. 1, 1.
+ sin0+ —sin0+ —sin0+...
2 3
L CEAE IR I
2 7 4 7 32 52
T2 1 1
4  x 32 52
.. 2 1 1
giving § = 1+3—2+5—2+‘.‘
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Fourier Series

Exercise 6.

lf(m) =z, over the interval —m < # < m and has period 27

a) Sketch a graph of f(x) in the interval —37 < x < 3w

fx)
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b) Fourier series representation of f(x)

STEP ONE

Il
A=
| —
| 8,
—_
| 3
3

Il
2=
S

e

Le. ap = 54/68



Fourier Series

STEP TWO
1 w
a, = — f(z)cosnz dx
L
1 /’T
= - r cosnx dx
T J—x
1 {[ sinmv]7r /" (sinmr) }
= —_ €T — dﬁ:
i noo|_, x n
using integration by parts
. 1/1 . . [
ie.a, = —<—(wsinnm— (—7)sin(—nn)) — — sinnz dz
T|n n.J_»
11 1
= —9—(0-=0)=—=-0,,
P05 of
since sinnm =0 and f sinnxdr =0,
27
ie.a, = 0.
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STEP THREE

bn

ie. by

%/:rf(x)sinnwdz

1 us
—/ zsinnz dx
T

-

Al L) o)

1 L1
- [z cosna]”  + o cosnx dx

-

{—% (mcosnm — (—7) cos(—nm)) + % -O}

3

™
—— (cosnm + cosnm)
nw
~ (2cosn)
—— (2cosnw
n

(=1

n
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Fourier Series

We thus have

f(z)

Z [an cos hx + by, sin n.r}

Mlé’

n=1
with a9 =0, a, =0, b, = —2(-1)"

and

Therefore

f(z)
ie. f(z)

n |1 2 |3

Wi

bn || 2] —1

by sinx + bosin2x + bysindx + ...

1 1
2 [Sinm ﬁsin21:+ gsin3mf }
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Fourier Series

¢) Pick an appropriate value of z, to show that

=

Setting x = § gives f(r) =5 and

T oom 1 0 27 1 3m 1 1 . 5w
— = 2|sin; — -sin— +ssin— — — — +—sin — —
2 2 2 2 3 2 4 2 5 2
This gives
T 1
- = 21140+5-(-1)-04+--(1) =04 - (-1
7 = 2|10 D =0 0 (1)
T _ oy 1+1 1+
2 3 5 7
, ™ 1 1+1 1+
ie. — = 1—-+=-—=+..
4 35 7
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Fourier Series

Exercise 7.

’f(m) = 22, over the interval —7 < x < m and has period 27

a) Sketch a graph of f(z) in the interval —37 < x < 3«

Jx)
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Fourier Series

b) Fourier series representation of f(x)

STEP ONE

1
apg = —
T

" @y

ie. ag

=

[
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Fourier Series

STEP TWO

Ay =

f (x) cosnx dx

22 cosnz dx

{ zsmnm 7[” 95 (sinnz) d;c}
-7 - n

\\

Nl A 2=

using integration by parts

s

1 1 2
—{ = (7 sinnm — 1 sin(—n7)) — =
mln n

1]1 2 (7
{(00)] msinnmdz},see TRIG
7| n n

-
-9 ™
— rsinnx dx
nm

T sinnx dm}

-7
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Fourier Series

ie. a, =

TF 4
— COS ’I’L(II — COSNx
— dx
— -7 n

using integration by parts again

1 iy
xcosnm e cosna dx
n —T

e L
s
{ 7 cosnm — (=) cos(—n ))+%-o}
ol
B

a(—1)" (1)71)}
T( 1)”}
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ie. a, =

ie. a, = {

+47

mn?2 (=1)"
4
E(—l)n

n% , . even
—4 , n odd.
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Fourier Series

STEP THREE

s 1 s
b, = f(z)sinnzdx = f/ a? sin nz da
—7 LV

([ (o)) - Lo (o) o]

using integration by parts

3| =

3=

1 1 ™ 2 ("
= {[mzcosnm}_ +f/ a:cosnxd:c}
™ n o n)_,
1 1 2 ("
= _{ — = (7* cosnm — 7% cos(—nm)) + —/ Icosnmdx}
T n nJ_.

1 1 2 [T
= —{—(Tr2cosmr7r2cos(mr))+—f SECOS?HdSU}

™ n n.J_,
=0

2 ™
= — x cosnx dx
™ J_, 64/68



Fourier Series

2 i N T s
e b, — _{ {m smnm} 7/ sinnx da:}
™ no]_. -z N

using integration by parts

= i{l (wsinnm — (—7) sin(—nm)) — l/ sin nx d:t:}
™ nJ_,

n

2 1 1 [/"

= {(0+0)/ sinna:d:c}
m™m | n nJ_n
_9 [T

= — sin nx dx
™2 J_.

ie. b, = 0.
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Fourier Series

L flx) = % +,; [an cosnz + by, sinnax

4
_an? ) 2 ,meven _
where ap = 3 an—{ ;_24 ,nodd 5 bn—O
n 1 2 3 4
an || —4(1) [ 4(5) | —4(5) | 4(3)
1 (2x? 1 1 1
ie f(x)*i 3 —4 cosa:f2—20032x+3—2cos3xfgcos4x...
+[04+0+0+..]
2 1 1
ie. f(z) = —74|icosz:f2—2c052z+—2c0533374—2cos4z+...].

|
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Fourier Series

¢) To show that %2:1+2—12+3i2+4i2+...,
1 n even
use the fact that cosnm = ’
—1 ,nodd
i.e. cos T 2%603235 + 3%60833: — 4%005455 +... withex=mnw

gives cosw 2%0032# + 3%(:0837( — 4%cos47r —+...

e (<) = () 4 g (-1 = H-(1) +...

(V]

1 1

: 1
ie. —1 7 37 =5 +...

M

1 1 1
=—1-11+ 52 + E;i + 15"% ce

(the desired series)
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Fourier Series

The graph of f(x) gives that f(r) = 72 and the series converges to
this value.

Setting = = m in the Fourier series thus gives

2 1 1 1
— %*4(COS7T*?COS27T+3—2C0837T*4—200547T+...)
9 72 11 1
T — 374 717277?7477H.
2
) ™ 1 1 1
= 441+ =4 =+
™ T+ (+ taEtEt )
272 1
5 =1 +—+—+—+
e, T = 1+ 5 +1+1+
e 5 = D
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