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[ CHAPTER ONE |
THE LAPLACE TRANSFORM

1.1 Introduction i

Laplace transform (or Laplace transformation) is
a part of . operational calculus which is a powerful
mathematical method (or technique) for solving ordinary and
partial differential equations and also initial and boundary
value problems of differential equations arising in
Mathematics, Physics, Engineering and other science
sub,lects. This subject was mainly originated in the work of
Heaviside who found it useful to solve the equation of
electromagnetic theory in the latter part of the 19th century.
It reduces the problem of solving differential equation to
mere algebraic manipulation. tame »oRig;
© 1.2 Definition of integral transform -~
. LetKl(s, t) be a function of two variables s and t where s is a
parameter imay be  real or complex) independent of t. The
function fs) defined by the integral (assumed to be convergent)

ls) =;'J‘;x{s,t) F(t)dt is called the integral transform of the

function F{f) and 1§ denoted by TIF (1),

 The funetion K(s,t) is sometimes called the Kernel of the
fransformation. 15 o 200 = (001 (i) bos s o mie = Wi

| PIERRE SIMON DE LAPLACE (1749-1827) was a
great French: ! - who developed the foundation

" of potential theory and made impo ortant contributions to the
celestial mechanics and probability theory]
18 Definition of Laplace transform

_If the Kernel K(s,t) is defined as -
{0 fort <0 © -
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(iii)
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When F(l] = {, equation (1) b(‘(‘omr's

L) = f e, tdt = lim .f t. e ™ d

p—e 0
(Integrating by parts)

o e I R ER)
=lim [——C-—] + lim 5fe"“dt

. 0 Py 0
_ lim S_;P—+ _ lim éla ~st 1P
poe p—e
1
=0 - lim ."S-Ig[—@—l.:|=gl§ifs>0.
p—® c

When F{t] = t“ equation (1) becomes :

Litn) = f eStindt (2
; 1
Puti:ing st y so that sdt dy . dt=_ dy.

n t =00 25
Also tP = b g "
sot s“' Limits y 0 T ,.,p} .
Thus from (2} we ha\te

-&tﬂl—f -’{ L. ‘3 7

T H ! B'y yh dy [uslﬂg gamma functlon]

gnu};_) lfn:vlands:ao _
- Again we know that if n be a ppSltive lntcger. then
[m+1) =i | _
ik anel aite ; isie)
Hence {{tn]-snl'?l.whenn 0.1.2.3
-WhenF{t] f:IElt equaﬁog (1) becomes
eﬂ‘dt & J’ e—-ls-aa}t dt

"’fwe, .
‘ -{ a)t g Pk
.?(a _&1 )' -

ﬂs>&

Pl
i 4












THE LAPLACE TRANSFORM g

Example 3. Find the Laplace transform of the function F(t)

“where F(t) = ét' to :2t <2 ;

Solution : Here F (t) is not defined at t =o0 and t = 2. By
definition of the Laplace transform of a function F(t),
we have

LFW= | et FO dt
PRy ]

2 ©
= [ est Fpdt+ [ et F) dt
0 2

2 B oo
=f JeTitdtch f g gdt
0 £ 2

2 : oo
=[ testdt+ 3 estdt
0% _ B it
: SED LTI t U e
- . e 3
wfter] slmsagle
s | R By
E-zel 0y [e ]0 5 (0 € ) i
=—%c_2’°'~'—2 e—.z-sf#'_ﬁ +—
. s y s S
s ar e 5
R Ei
Definition Sectional or Piecewise continuity

A function F(t) is called sectionally continuous

{  or Piecewise continuous in a closed intervala<t<b
_____if the interval can be divided into a finite number of
tervals in each of which the function remains
ous and possesses finite right and left hand

. Functions' of Fexﬁponential ‘order.
/en positive integer N if there exist real
M > O and¢ such that for all t>N .-

| <Mor [F(t)l<Mer
is _called gt fu'-nc;tién: of exponential
S s .__:;.i % br!,eﬂy Of ,equnentia-l Dfd-e.r_- ©
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. t=a L= o
Limits T 0} [y, }
Thus from (1) we have
| o SU

Lral= [ e? Fu). %du.
0

SEap e(.—s) Fludu = f( )

0

(E) Laplacé tran<form of derivatives.

Theorem 6. If L0} = f(s), then LF(t)}=s f(s)-F (o).
Proof : By definition of the Laplace transform

we have L{F(t)} = f e-St F(t) dt = f(s)
“o

a({F"[t)}; f est F¥ (t)dt (integrating by parts)
L 0 .

= [ F(t) ] +s f est F(t)dt y
- =0-F(0) + sf (s) = sf (s)-F(0).
‘Theorem 7. If {{F )} = f(s) then

. F7 () = $*(s) - SF(0)- F10).
Proof : By definition of the Laplace transform,

we have {{ F(t)} = f et F(t)dt = f(s)
i : 0 _

e [ et F(t)dt (integrating by parts)
J +]' s e‘“‘-' F"[tldt

o) + sf et Pt
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Proof : By definition of the Laplace -transform we have

f(s) = f e st F(t) dt.
Now applying Leibnitz's rule for differentiating
under the mtegral sign we get

**=f($) = ag f e—st F(t) dt
, 0
= f -‘l. e~st F(t) dt

f te™st Fi(t) dt

- f _ e {tRo} dt= L {tFm}
Thus {{mn}-——d; =—f 1

Hence the theorem is proved for n = 1.

To prove the theorem in general, let us use the
- mathematical induction. Suppose that the thearem is
. true for n = k. Then we have -

f esfikro)dt<tyrE @
'Diﬂ'etmﬂaﬂn&boﬂa sides with respect tos, weget

ao lLA,J_,h-a-Im]"Ew:'-"'

G J' est th(tJ}dt-(-nkifM(s) '
Now applyf.ng Leibnitz's tule‘we get
-f c*fuFubata ke
' the! Fm}dt=(-nk*' o) e f -
ollows that if the t]gleorem holds fhr n = L T
ds for n =k + 1. Butin { 1) it is proved that the

5 forn = 1. Hence it holds forn =1+ 1=2
1 = 3 etc. Thus thg theorern hoids for all
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I CHAPTER TWO

THE INVERSE LAPLACE TRANSFORM

2.1 Definition of inverse Laplace transform

If f(s) is the Laplace transform of a function Fit), 1:.e.: it
L {{F ()} = f(s), then F(t) is called the inverse Laplace
transform of the function f(s) and is symbolically
written as Flt) = {hl{f(s]} where <’ is called the inverse |
Laplace trans-formation operator. '

Definition of Null function.
IfN (ti is a function of t such that

| fo N(t)dt=oforallt>0. .~ " Lo

" Then N (t) is called a null function.

2.2 Lerch's theorem (without proof)

Statement : if {F, ()} = < (F,(t)), then F, (g -F,(t) = N(.
" That s, an inverse Laplace transform is unique except for
_ the addition of an arbitrary null function. -

Having found the Laplace transforms of the following simple

- functions, let us now determine directly the inverse
Laplace transfom of @ven thnctions of 87 Vi

we can write resPectively
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2L 5_151%__..}
(3s)2 + 22

S | 2t

= 3 €08 .
5. Inverse Laplace transform of derivatives
Theorem 5. |f ('1[[{5]] = F(t) then

cclt“s ='a[_1£]—n— LN Y
{"(s)) gen [8)f = = M7 F(H).

Wherem e=. 140, 370 eS8 g
Proof : From Laplace transform we have

if LF(D) = 1(s), then L0 F(t)} = (- 1M(s)

dI] ;
where fI(s) = E;fﬁ f(s).

LY 1 i) < 0wy
or, 1)L gfngg) = F(t).
or, {- }}ﬂ}ﬁ LirE)=cnmry
| - Or, (—i)ﬁﬁ L f(s)} = (-1)7tn Fit)

~or, L)) = - Y 7 F®) since (- 1) = 1
- The above theorem is illustrated by the following examples :

el s Y f s Y

Since L {52'+4}_{ {52"'22}_0052]:- '

wiii. d 8 ).-{52+4)—252_- 4-s?
" ds \s2+4 T (52+4? T (s?+4)2

}= (- 1)t cos 2t =t cos 2t
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Then G(t) =F() and G(0) =0.
Now by the Laplace transform of derivatives we have,

LGW) =sL{GM) - GO)
or, LG M) =sGW) since G(O) =
Again since <{{G/(t)} = LF(t) = fs)
fis) = s(G(t))

or, d({G(t)} ﬂS}
Hence{_l{gésl} = G(t) =_"t Fludu.

Theorem 9 { {ﬂSJ} G[t] ft J-V F{u]dudv
Proof : Lct G(t) = J't J‘V F(u} dudyv.

'men G'(t) = ft F(uldu and G"(t) Ftt]
| AlsowehaveG(Gl =0.G0)=0. |
Now .-C{G"(tj} =s2-C{G(t)} sG(O] G’{O}
_ e s?«C{GttJ} since G(0) = G(O] 0
Again since «&G"{t}} = LF() = fls)
iy =s? cC[G(t}J |
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| | |
-3 e

ATHEMATICAL METHODS

|
(s+ )2+ "2'5-}

l | | | ' | ;
e e—wral -3 < e
1 1 1 1
=292 el sin2i - 49 e sin2t
B 1 e
= sin 21L. -j._[e‘— e =4 sin 21 sinht.
2.5 Table of some important properiies of inverse Laplace
transform
3
No | fis) L {fls)} =F(b)
1
. - N l v
1. S
R | .
S5 t
2. 2 -
= g‘ﬁn=l72,3, (-1) '[2—_1
| e
4. '_nl'l>0 |?1"
5. s—a . 2z : A3
1 S TP t:u—l. C
P T . — .10 =1
b [s—a)®. 7 i (n-1)
1 i -tn-leal.
7. n>0 b= 207
(s-a™ - [n)
i) ’ _--sinat‘
s?2+a? S
-8 ; e
2 4+ g2 cosat
a T
— a2 sinh at
i ’sv » ) -. -; h t
AR : c :
.* a 1 : ,OS‘ _a _ e
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Prooi : Here the required result follows il we can prove (hat

{
{{J- Hu) Glt < u) cln} =(s) gls)] (1)
0

where (1) = <{F(1)) and g(s) = <G
1 [ =
Now '({ I i~'[11] Gt m.:..} «] - =8l U Fu) Gl = 1) (lu}dl

b= O

J. _[ e 5L F(u) Gt - u) dudt
t=0 u=0

=lim sy where s;= j J e * Flu) G(t - u) dudt (9
T —»00 =0 u=o

' Fig (i)

- The fegidn in the tu plane over which lhe mtedrat}on (2) i

delined is shown shaded in Flg (1} Leltmg i-u=va
t=u+v, the shaded region Rt uof the tu plane is transformed

_mto the’ shaded regidn Rm- 01 the uv plane shown in Fig fil
Then by the theorem on Lransromlation of mrultiple mtegfﬂl&

'_,have - AT
.U’ E"“'F[Ul Cdl.mu] dudt .
-&

_j.p"“”“" P Gy S 3‘(‘“ “] dis dv (é.)
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where the Jacobian of the translform

alion is
du,t) Ju u ‘ | ol '
=]

T et Rl K R
9t ot
i 511 5\'

Thus the right hand side of (3) is

_\l'
St = .[ .[ es U+ V) Fu) G (v) dudv  (4)
V=0 1=0

Let us define a new function
I v) = {D_S(u *VIF(u) GW) ifu +v<T

ifu+v>T. 5
 This function is de[ine.d v
over the square of Fig (iii). :
, But, as indicated in (5) is zero T i
L. overthe unshaded pOI‘t]Ol’] of 5 ’ﬂf’\f’x o
h the square. - = :::::::\; {\.
. .In lerms of new l'unchon o [:j:j:j:j:jx, \
wecanwrite{4) as§:* i Y X
| il B
IL " &F-J j K(u v) dudv
B

| TR R R
h T 51.:—_0 | Io K(u, v) dudv

o oo '_ . ¥
J .[ ﬂTS(‘”V’. Flu) G(v) dudv.
8.0 s

= {I e su Fﬁ:ldu} {J ey G[VidV} = fls) g(s)
I 0 3

vhich establishes the UIEDI'CIH
_jF*G G*F, ;
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“ S
Example 19. Evaluale L ]{m} by use of (hg

convolution theorem. . [ D. U. M. Sc(F) 1989

S S |
g r . i —_— v
Solution : We can vm}e S2+a)? s?2+a2 2 + a2

g e g a8 sinal
_'I‘henamcc'{' {Sg+a2} =c0§atand°(-{sg+32} =

; ‘Th,erel'ore. by using the convolution theorem

{_l{f{s]g[s)] = j .P‘tu] Gl(t = u) du, we have -
) 0

1 SRR B sina(t-u)
G( {W} rbcosau.'-'--'a- du ]
ot ' ’ '
cos au sin (at - au) du _
(o & o - P
rt : ' 3
cosau (sin at cos au—cos at sin au)du
0 : e _

ﬁ!-—-,

— =
w

=—sinatj - coa't'audt"‘n:l Cos alJ‘l sin au cos aﬁdu
} o}
om0+ J
Rl 1 inat {1 + costZau]du——cosat sinQaudu
s 0 ; 0
t

t ;cosat cos2au]
0 s -2:‘1 o

_slnat | sinzau
—‘-2& _ - 2a ]

; sin2at cosat
t+ 2a —0] +“@'(c0$2at—1]-

- sinat 25ﬁ1a‘t cosat _cosat.

12at cosat 3 sin2alcosat tsinat
\ 2a2ll s A T
tsinat
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l] 1 20 c i i
| ~ Example Evlluate < {SW} by using (h

| convolution theorem, [D. U. M. Sc. (F) 1985 ]
r . W o : l | 1 "
Solution : We can write —— . .1
i sUs + 1)27 (s + 1)2* &2

L2

: b B O i
hen since < '{ G} ~tana £ et} -

(s + 1)?

» By using the convolution theorem

_ L
' {‘_'ms]g(s}} - I F(u) G(t - u)du, we have
By 0 :

e

= Jt (ut - u?)evdu
0

= Hut - u"’]e‘**']g - J-t (t-2u) e du
| Ho

-0+ Ht-2u e+ 0=2) f e
: 0

“*

B S

=tetrt+ e L+ 2t -2,
_tc"+2e" D

..'j"_l { ?E-I;-—Tj—} =tet+ 234 + t 2
T s) and Q(s) be polynomials in s where P(c)

77

€
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Q[c.] = [s—0,) (s-0y) ls—n ;l .......... (s—a,).
i { p(s]} P[ka} akl

then = 1e&ll-"Z_ | Do) ©

which is oﬂen ca!led Heaviside's ¢xpansion theorem or
formula. _ |

Proof : Since P(s) is a polynomial of degree less than that
of Q(s) and Q(s) has distinct ZE€roes o, Og, 03, ....... , 0, We can
write according to the method of partial fractions

R S 5 Ay / + Ak ‘. An m
o Q[S’ — S— al 5—(12 ........... S i ak ssssssssnan S—*an

Multiplymg both sides of (1) by S - oy and lellind S = 0y, We

li
find using L' Hospital's rule A, = s _I}nak &(;)) (s—oy)

, ; =sliTa P(s] {ZS(; }

lim 'P(s.)_ lim B) 0 0
, SO0 S O '5 form) -

' lim ‘

3% =H k)s—-) ) g—w

i Pl SePlmad ey el o Pleg)

A g‘u] "Q'[azr ........... ,An—;gn({ln) '

_P[s) DRl P{az) o A

.{9_._..: -.Q'(al).s_-_ 0'-1 Q'ﬂal goe 0.2 +-..~.: .........

TS = pled L o
B . T s -0y

; -:‘ the mverse Laplace transform of both sides of

o (oo oy

. S?;;L'f =)
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PUGL ol PLOG) oty Ploy) o
“Qloy) . Qlay) © Qiﬂ;)
.grvfmﬂemL_
I kK= Q[Uk]
I
{ P[S] 2 P'([IRJ ak[
HCI’](.C {Q[SJ} l: : Q lﬂk} c

Thus Heaviside's €xpansion theorem is proved.

Example 21, Using Heaviside's expansion

1 o8 7
evaluate .,( {[S F¥DMe = 31]}

formula

Solution : By Heaviside's €xpansion formula we have

Pls)y, - - ¢ i Ploy ) (Ot
{QH} E: Qkul b

" In the given problem we have P(s)
Q(s}-(s+l]{s 3)=82-2¢-3

5 Q(s) =25~ 2
n=2,0=~10,=3

Pls) _Ploy) ot Hm)lbl
Thus £ {@ﬂ} Qmu *QMﬂ

P(-1) P(3)

_——r———

AN tgp e @

= 3s + 7 and

B S S
T

B =P =3c1 472 3,7,
)=QC1)=2-1)-2=12_9__4 e
Lw?33+7 =9%7= 16 s |
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[n the given problem, we have '
pis)=3s+ 1, Q(s) =(s-1) (s2 4 ])=g3~824+85-1
S Q(s) =3s2-25 4 1.
n=3‘{11 = 1, (12=i. C‘G='-i
since 2+ 1 =(s+1i)(s-i)

LR P
Thus L {Q—(ss)_]} Q(((I]] et | Plo,) flgt 3 plag) %3t
o) 'Q () Q')

5L P(i) P(-i)
=50 © Qm"" gy @

P(a;)=_P(1)='3+1=4
-Q’(aﬂ—QIll='3-2+1=2

Plag) =P =3i+ 1

Qlog) = Qﬁ)-—-—s e e %
Plog) =P(H) =-3i+1 |
Qlog) = Q[—l}=—3+2i+'1~—-2+21
Putting these values in (2), we get’

L] 35+ AL e L
oA 21‘31‘“ SO R T

{s - 1} (s? + Il

i+l e“ i"'1} _.u &

2 1+1 '
1 qBi+ 10 _—-_i_z 18-+
o) TR $

+ut1-t1e“+ (31..11(1+1;en
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1 : 1 _
= 2¢t - 5(1+216t+21152)e""- |

1 ey 1 '
=2e' -5 (i + 2) (cost + isint) + 3 (i - 2) (cost - isint)
= et — 1 st —-112 siﬁt — cost - isint + -l icost — 2

g lgost-3 2.5 5 Fsiny
AR R - cost + isint.

= 2et — 2cost +Ql— sint + %"sint |
=2¢'—2costesint. g gl T

= 3s+ 1 . :
Hence{ =12 + 1) =.2et-—_2cost+sint.

2. 9 The beta function :
Exnmple 24. Using Laplace transform prove that

ﬁmm__@rﬁ_

lm+n

Proof : By definition Qf beta function we have
ﬂ[mn}—__[ X1 (] — Jd“" ldx,m:a-o n::-O
 LetGlt) = f“xm (s e :

Againlet Flttl tm- 2 40 thtlc-t“ lthen |
GmJ F,(x)m x,'Idx F,-u}“« 52 Ef-

LGt = L, + 7y ;

- 'QFI ) LF, @)

= Ligm=1), Lo -y
BE B

G{t)_ f xm - ‘{t x} lax.c{L_l;] |

Sm+n



~ From definition of Laplace transform, we have

| .G(t]l = j’:—m G(t) dt

THE INVERSE LAPLACE I‘RANSFURM

f L1

—Fnlﬁ tll'.li'n—]
m+n

n
Smce{ { n+1} :
fn+1.

Therefore, G(t) =

Sm+n

tm+n-1

|{m+n]

Or.[ dn - ](t x]n ldx Imin tm+n-1 (1]
. |(m+n]

~ Puttingt=1 n (1), we get_

1 ' s
I xn-1 ('l_ﬂﬁ-:dx=M;i

0 |[m+n}

HenceB{m.nl=I—ﬁJﬁ—

lm + n)

.2 10 Evnluation of integrala !

Example 25. Prove that Jl e dx=

.J—
2

(0

et daddt

:0

e?dt] dx

}dx

83

- by use of Laplace transform. [ D. U. M. SC (F) 1992 ]
~ Proof : Let (G(t) = I e dx
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Os+x2

since c({e t-l‘g]
. /

dx
‘022 + (V82

: S] o '-
T ' 10 s i F
1 T
P \F
'Ihusciac(m ﬁ~ ;

i

_1__
\(_
r

#-

—l

E

l\'ll.‘-i

|

Now taklng the inVerse Laplace transform we have
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442
Hence J: ¢ i¥dyieg \/ 3

Vr

putting t = 1, we llaveJ‘ e dx=—
' 0 o

Example 26. Prove that J cosx’dx = é A @h
v (9] v

by use of Laplace transform. [ D. U. M. SC. (F) 1992 ]

Proof : Let G(t) = J: cost x*ax

“Then taking the Laplace transform, we have
LGt} = r’ evst ‘[ cost xﬂdx dt—

w[r est cost xadt:l

- 0{{cos tafldx

foo

— e

| s
+chl

'___;_.stana or X = *]— Ytan /
.' : sztanzﬂ s?sec20 e 1 -'
g s

AT

S,
S X Sinc:e ‘E{cosat} —-—m ,8§>0

5ec20d0
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w2
“4\s
V2
LG ==
| ~ G} P
Now taking the inverse
w2 ~1(1
*
2
. S
L

-~

.

Laplace

transform, we have
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Example 27. Prove that IO sinx?dx = 2\/2\.1;3, il

Laplace transform.

Proof : Let F(t) = j sintax?dx

Then taking the Laplace transforrn we have

LF() = r est [r sintxﬂdxj dt
f" lfm e"‘Smu‘Edt] oy L
r {lSintxal dx

22

o
TS+ B9 since “C{sinat] 52 Had

Let 2 = SmnﬁﬁrX:J_*.ita 9
82424 =82 4 2anzn stec29

: 1
dx= s, . sec20dp
2\/tan9 i e
Limits x=0 _
ﬂ = 0 =P§ ) i

sin Bcos 2Bd9 (R '. |
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1
271 gcos?”
sin Jcos”  ade

sin % 0cos 24 ~1pgg

89

., we have
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R,
2 (2 _ssec?6do

“n sﬁsec?(:H 1

T TR T T

_2 Iz s sec20do

52 tan?0 + s2 + |

(2)
Putting x = stanf so that dx = s sec?0de.

Llﬂltﬂﬁ:ﬁ 9—§
= x-—-o}

T T

X = oo ' 5

F.-
. S A
i - o) = n 0x“+s'~’+1 '

_%r’. dx %
0 x2+_[\ﬂ_ s? + 1)?

EH aiiox

Ts241 s2+1|0

g ol e

Taking the inverse. Laplace transforth, we have

e 4 [l{ = Jlt). . ;
FIo) = 4521_1} e

Hence J(t) = ir[ Ocos[tcosﬂjde.

EXERCISES 2
s 6s
2+0 7 s2-4"52

2 5f 3 x 10
s—a 's2-4 's2-25

{ + E‘uf:m 3cos2t + 2 sinh5t.
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THE INVERSE LAPLACE TRANSFORM

. 1 35 + 2
- Evaluate L { oo
11 4s? + 128 + ©

] ot
Answer : éve 2 (6-5t).

. 12. Evaluate (i] L {2 _357}( ) L 5:2175

Answers : [i} Tt sinh ‘\/- t-5 cosh\fﬁ- t
{ii) —cos'\f +— sin‘\}

7 4
1_3. Find &L { 452 i ::s of 252 function of t.

T R T T T
-
™

_——

T T T T R T —TT

| t :
~ Answer : € %cosﬁt - *—l— sinV2t | .
8V2 |

. s+3
14. E_valuate 40wl
1 ]
Answer‘ze 2+§tez L R
-. ¥, - 1__ s _d__4___3§_‘ - - e LT :
- 15. Find f < = as a functlon oft
- v (s + 4)2 -
-'-,j . 4(t—3}% e; At=d) ' 3
e Answer -~ [t-3] -T
e 3Vn
'-'i RTIAL FRACTION DECOMPOSITIONS
b 1
‘C { s-1)(s+2)(s?+1)
G0N DR N N

_1(5s2 - 155 - 1 1’
(s + 1) (s -2

93

TR






‘ ,. 1 "'_ rr———— g -—w---.r-__-—-f-'rv---j-w-'ﬁ"—nw‘
TS 4 . = \
- 3
L]
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26. Prove that

i e
s4 + 434 = 25 (coshat sinat + sinhat cosat).
27. Prove that

{-]{_— 1182‘"254-5 2
. [S+1][S 2}{23—-1]} Se?t - "ﬁ'2+2e‘t

28. Prove that

L 3s3 - 3s2 - 40s + 36
(s2 - 4)2 =(5t + 3)e2t - 2te2t,

29. Prove that
1[ 2s3-82-1 | e i Wik |
5+ 1P (5% + 17| =3 Sint + pteost — tert
wehe &

Evaluate the followings using the convolution

theorem =

1
30. L {(s+1)(s2+1}} nhey B
Answer : ——(sint cost+e"]-""' .

. ‘c.l {mg}}

%tcoszt + = sin2t:







TH
} E INVERSE LAPLACE TRANSFORM

-C 19s + 37
44. {{S + 1) (Suhhir(—gfl_ 3}} 5e2t - et _ 2e-3t.

2
i PRl S

97

—

252 + 55 - 4
46~[{53+52 28] 2 + et g2t

M1
| 47. L {53 + 1}
+ ‘ =§1-[ it e; (cosfzg'— N T ‘Etﬂ

3e2 ;
.{-1 28%-68'+5 1 5
e =y L

s2

: 1 | 9
s {[S+11(s+2}(s'+'3] =5 €t-4e2_

gt

LR b it i o S S B

- enla? Lanb |

51. Using Laplacc transfonn prove the followings

¥ Moy

b A

” (tcoszﬂlde = 003(2) (2)

:_.Ej_- that ifO<p< 1




COLLEGE MATHEMATICAL METHODS
CHAPTER THREE

4’PLICATIONS OF LAPLACE TRANSFORMS
TO DIFFERENTIAL EQUATIONS

3.1. Introduction

Lapalce transform can be applied for solving the ordinary
linear differential equations with constant coefficients (or
with variable coefficients), the partial différential equations
and the boundary value problems. It can also be applied with
advantage to the solution  of the simultaneous linear
differential equations.' The Laplace transforrn methods of
solving different types of differcntial eqﬁatmns are explained
through worked out éxamples. =

3.2 Apphcation of Laplace transform m solving
ordinary linear differential " e,qua_tmns with
eonstuft coefﬂctent‘é’ Y

3 WORKED OUT EX.AMPLES
_ Example 1. Solve L?e follgwgng dlfferential equatmn by
usmg Laplace transform e

gz--'*rw'y!ol

Solution : The iw gdifferential equation can be

-;.._,, agy 3y=o

[ ‘the Laplace transform of both sides of (1) we get
-3 .«C{y} L {o} e

";(t)} offs) -Flo) | . Jute 4%

1 3Y[sj=osincey(]—1 |




"'--'-;__“"Y('] (3-1}(5+2)'3s 5 Wl PN
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Now taking the inverse Laplace transform of both sides of

(2), we get |
LW =L { }

or, y(t) = e3t. since L(eay} = 9—15 s>a.

Example 2. Solve the differential’ equation
f.:'+2y=et:y[o}= 1
by using Laplace transform.

Solutmn The gwen dlfferentlal equatmn is

y+2y=¢ (1)
Taking the Laplace transform of both $1des of (1), we get
Liy} + 2Ly} = Liet . ; '

SY(s) - y(o) + 2¥(8) =

j Y P 1
or, sY(s) - 1+ 2Y(s) = 377

1 S :
or, (s + 2)Y(s) = _1-'_'*;'5:.-» PTG e nsx.d
AR ;

(2]'_!

Jow mngfmversef Laplace transform of both sides of.(2),

'i.‘-l tf! -1 1-
{S"']. +3£ S+i.2

Y RELS
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Solution : The given differential equation is

X-8x=¢e* (1)

Taking the Laplace transform of both sides of (1), we get
| Lix}- 5L = Lie5

Or, s X(s) - x(0) - 5 X(s) =

or.s)ﬂsl—o—SX[shﬁ

1

or, {s-
R
.' m'o }qs’={s_5]2 {2)

- Now taking the inverse Laplace transform of both sides of
(2), we get | |

o lﬂsﬂ ,C

,-(345)_2} AL
or, Xt) = teSt |

'smce 5 {{sma],,} t'.*leﬂte(ﬁ='='1'j‘2 JE>a)y

Example 4. Solve the differcntial equaﬂon
y+y= - sint; Y(O] i R

by using the taplace h‘ansform
_ Solution : The given mﬂerenuaia equation is
 + y =sint (1) -

the Laplace tvansform of both sides of (1), we gei
Liy) = Lisint) | | |

2 & )5 ]
) + Y(s) 241 ‘
83 a%ii
L
s %
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or, s%y = sY(0) - Y'(0) + y -l-é

: 1
or, sy ~s+2+y="
o

or, 82+ )ly=s-2+ 5= Ry R

i 52
RN s el
Y= 8224 1)
No SPE@sf wl AL BaiCs+ D
s2(s? +1) s T2 e

or, s3-2s2 + 1 = As(s2 + 1)+ B(s? + 1) + Cs® + Ds?2  (2)

Equating the coefficients of s3 from both sides of (2), we get
C=1.Puttings=0,in(2), weget B= 1.
Equating the coefficients of s2 from both sujes of (2), we get
8 9-B+D,or,2=1#D.:D=-3
: Equating the coefficients of s from both sides of (2), wet ge
+0=A+0..A=0
' SN s e R
Tt S s+ i Ty e 50
: Taking the inverse Laplace transform of both 51des of (3),
we get '

.‘C-l[Y} e {_}*‘oﬁ {52+1]_ 3.L {52+1}

Tk or Y(t] =t + cost - Ssmt which is the required solution.
r_'Ex.aInple 7. Solve the following differential equatmn by
sing the Laplace transform :
3}7 +2y = e y[o] =-3,Yy(0) =
ution : The given differential equation is
2}; o Y | | |
g the Laplace transform of both sides of (1), we get
Ciy) + 2 Liy) = Lie*) |
1

{01*3{5'1’(5}-?“” *2¥El=g g
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| i R ﬂ NN T
L2 5+ 1) -2 3 s+1 O
| Fe 1 A Sl
-2+ ) s TRttt g

or, 1=As*s -2) (s + 1) # Bss~2) (s+ 1)
+C(s-—~2)(5+1)+D53[S+1]+E53[S—-2} 4)

putting s = 0 in {14). we get
1=-2C -"C=—§

putting s = 2 in (4), we get
1
1=M1 "D=24 2

mtﬂngs =-1,in (4]. we get

1
lﬂE.E3

PR P T T
7
; p

Equating the coefficients of s* from both sides of (4), we get
0=A+0+0+D+E '

i 5
or, 21 3779478

E@aung the coefficients of 3 from both sides of (4) we get

3. 2.6 1
-ﬁ+§=24=4
T e T R e SR AR :
=-§'§+Z'SZ-.2$3 24.s -
) S ;
e SERLr W
}--.jn the equation
: L2 . weget

53{5 2) (s +1)"
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Taking the inverse Laplace transform of both sides of (4).
we get

L WMLmzzﬂ{u} 4£4{}

| ) o)

2
or.Y=Y{t]=-2e‘+4—t._%

which is the required solution
" Verification of the result :
t2 :
Y = - 2¢' +4—-t——~2— Y0)=-2+4=2
Y= a2ete g bt G Ay

e -—2e—1

Y'Y =0t —1+Ze +1+t t
:Iherefore. Y’ - Y i 8

Exmple 14. Solve the. diﬂerential eqﬁétion

Y”+2Y+5Y e sint; Y{o) = 0, Y[o]—l :
using Laplace transform D. U M. SC [F] 1986

' Solution The given dﬂ’ferentlal equatmn is

‘E Y”+2Y+5Y eesmt (ll.fi |

i aking th., Laplace transform of both sides of (1) and using
en conditions, we get

) “ T 2.L(Y) + 5.£{Y} " Lietsint}
e Y[o) +‘2[sy(s] Y[O]l + 5}’(8)

T

S e
2

.{9.

[S+1]?+1 |
| 'r T i 1 -
'ﬂww+@ﬁ m?ﬁ?i'

Jy(e) =1+ R
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Putting the values of A, B, C; D. E and F in (2), we get

ey 3
s®+s8% 483438241 E1%- 18

0 X
s+ I)s+¥1)s+2)"2's2 st 241

Xls) =

Taking the inverse Laplace transform of both sides of (5),
we get

L7 Xl L {_} 4‘5_1{} a5 L7 s2+1}

3 110 L {52 + 1} 2'2-1{8 +=Jl} '20 'c_l{s }' 2}

S R 1 =3 11
01".-x=-2--t-—-z 20005t+105mt+2et+ 08‘2‘

=t — T e tonc 2
S e G T T S LR

which is the required solution.

Veriﬁcation-of the result :

R 1.8 /6 1 3 LS
'i"‘." x=-2't 20(305t+105‘lnt+ e_t+208

b @ 1 SO0t
=% 0+2osmt+-i-5mst Zet 1082‘
¥

* " -
R s LIRS R
105'““*26“ , e |

. ‘f y 1.' } { \.
B =) V= :

, % Li1 ino fIf )llid
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stion : The given differentijal equ
y+aY =F{t) (1)
lace transform of |

ing the Lap Ol both sides of (1), we get
fok £101 ta2 L (Y} =L {F(t)

§2 yls) — s Y(0) Y (o) +a? y(s) = f(s) (say)
. Szy[s]-‘s +2 +a y(s) = ls)
o [52 +32] y {5] =s-2 + HS]

Ry RS w2 (s)
or. Y(SJ= 52+32 52+32 ¥ 52‘;5.5 [2]

atlion is

or.

Taking Ll;e inverse Iﬂplace transform of both sides of (2), we

gt
I {Y[S]} “C {52+32} 2L {52+a2} L {sgf;z}

or, Y_Y{ﬂ—-cosat - smat e {f{s] 52+ag} (8)

Now .B {ﬂsl} = F[t} and .

1 : 1
J_! 52 sinat 3

Usmg convolution theorem. we have

{f(s] L j Flu). = sin a (t-u) du

A Flu] sin a (t-u) du.
i (3), we have
sinat +; I F(u) sin, a{t—u] du,

gh js the requil'Ed solution.
___: _ the fouowing differential equation by

& (o) = 1, y(0) =2
3 _(toigfcren{ial equation is

s
1
y
¥
#
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Solution : The given equation is

0710 + Y10 + tyi =0 (1)

Taking the Laplace transform of both sides of (1), v, hay,
£ 1ty ) + Ly + Lityl) = o

or, —-—ls’i' sy(oj-—y[o]}+sY y(ol——“Y o

or, -——ls‘\’—s -¢} +sY - I—ad—sY=b

where yio) = 1 an'.ly(ol c(sayl

or, - s’Y’ 2sY+1 0+s¥-1 ‘Y‘-—

or, (s + llY"+sY o
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Y A - '+B....:...(*}
Or S+ 1= (s+1)2 * 3(+1)°

R a ) @
Or'Y=s+l+3[s+1)2+B[$ ] 3
where B is a constant of integration. Now the ip¢, egrat, |
constant B must vanish [Making. s = in (%) we obtyjp, B IF" ¢

f S Y -
Thus from [4] wehave 4 .s+1 +3{s+1]2 (5)

+ Taking the inverse Laplace transform of both sides of (5), v

have

=1 &1
LTm=aL s+1} 35 {[s+112}
or, y=y(t) = :"Le"t 3te—t

o, y= (A + -—) e‘_t WhiCh-is -the i'equired solution.

3.5 APPLICATION OF IAI’LACE TRANSFORM IN SOLVING
SIMULTANEOUS ORDmARY DIFFERENTIAL EQUATIONS
 Example 34. Solve the followmg simultaneous differential
eguation by the Laplace Tt'&nrs or-m- : _'
| (D-—Z)x +3y=0
2x+ (D = Hyc =0J
'WW*OHB) 8, y{@] 3

~ The gi‘fen simultaneous differential equation®
- mbeml;tenm the form

..
¥

-.su_,l'?Ject to A{0) = 8, y(0) =







Example 35. Solve the following simultaneous (mfel‘e“{_
» 1
equations by tHe Laplace transform: Al
dx
at TS sint;, %zt + m-cost
given that x(0) = 2, y(0) = 0.
Solution : The given simultaneous differential equat; ons 4
dx :
qrry=sint (1)

Y x=cost @

Let  Lix} =X Lly}=Y
Then taking the Laplace transform of both sides of
and (2) respectively, we get .

lc{ﬁ—f} +.£l):l-=£(éint} |

or, sx—':lt‘.((;_l]-+-Y.= ?%'.f

(1)

L o SX-24Y-5ioo0
| | 2s2+3)
or, _3X+Y—‘;_r.,,j—-=-.-9’ C 8

T Ll

CETEmRGR

!






|
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1 1 1

TR el {;T} ior {s+ 1

| + L { i

s? 4]

L

Or, y=-et +et +sint

Hence the required solution is

x=et 4+t

y=et_e's sint}
Example 36. Solve the following simultaneous differentjy,
equations by Laplace transform

dx QX i

t:lt2 dt ~
d?x _
dt2 e i et

Sllb_]ECt to the conditions x{0) = 3

X (0) =-2,y(0) = |

Solutinn The given shnultaneuus differential equations are
3 dx Q
3k s AE g -t [ﬂ
| d2x

LetJJ{x} Xand.r.{y} ¥

e 2 | ey Then taking the Laplace ﬁ‘ansform of both sides of
| (1) and (2), we get -~

fE' {T:IT } +L H%}%ﬁ{t} |

o or, sX-x0) +"':3Y-£};(ﬂ].'. é ia

. or, sX- 3+5Y-0_.§! :
- L & ._;‘ -

ﬂ+sY 3+¥ ga; ’
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a2
L{%t_;f}_,ﬁlyl-—-ﬁ{e"}

o, SX-=8x0) - ¥(0) -y 1

; S+ ]
1

i e

w FX-YsBe-g, L

~ Now we will solve (3) and

| 1
ax+SY=3+‘s‘2'

: Vi Addi
$X-sY=3s2-2g; S ding

(4) for X and v,

S+ 1

| ‘h’tﬁx=352--28+£—'1-,+3+-812-
| _'l"-.x- 2+ 1) TS24 T+ DsiE)
| oaleRe S +s(32+1]+s3(s2+1]
AT P e
w &-gl 1 s2+1 +(a=s_+ s+ 1)
B g3 e
B TEE R tSE D).
L S +1 21 G+ D%+ )
B S B
B A Bs+C |
S s+1"a8%+1

)+Bs+CYs+1) (©

ol

-
s
Ve |

b'm ﬁt 1 =2A

>
ﬂ
R

157
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Taking the coefficients of s? from both sides of ()

e 1 |
wegeto=A+B e E—: qu .-,

Equating the F:onstantl terms from both _Sfflfis of (6), we " J* |
' 1=A+C ts By ﬂ f
1 1ol 1= ii-
Thus Gy Eel) 2'5+1 26 +1 I
) [HRS R _'__1_ 1
=9:5+1 2 8ol 2is” + 1

Or, 352+ 1= As2(s2+1}+Ba(52+ l}+C[sz+1] +(Ds.+l?:}s3 {"|.;-j‘
Putting s = Oin (7). weget |

1= o+o+C+0 0 ="1
Equating the coeﬁc,lents of s# from both sides of (7} we gt
o= A+D 3 e :
3 Equating thccoefﬁciénts ‘aﬁs"’ {mm both 51des of (7),
-mgeto—O-A-B+E |
4. B+E=Q,
Equating the cmmmﬁf 32 from both sides of (7). we&*
LOEAFORE '
3=A+1 St [As2

R i e (D2

g Wtﬂp{a&bmboth sides of (7), we &%
-l0¢0+me e @?/ﬂ
'1.13'0%1 1'_-!-"

g ""!)" *Eﬂ 2T‘T
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Equating the coefficients of s from b(é:_f—_l(s)ides of (9) e g

1 1 s

“ss2+1) s s2+1
i T T R

Therefore.Y=§—-§r+—1'+2-52_+1“’2-3+1+

o]
(<)
] R
aﬁaj bt
ot

TR R T L T L
orY=5-3-Fe1*3@+1 2851 10

Taking the inverse Laplace transform of both sides of
(10), we get

- .C"l ) -.b 1 ﬂ} 2 _1{524. 1.}
+g£-l -1{s+ l}

or,y=1- 2cost+2sint.-2¢-t

Hence the requjred ﬁolution is

1 3
x =27 cost - 2aint+2e"+2+2t2

y= lﬂ;mati-gsint_ze—t
36 APPLICATION OF LAPLACE mamm IN SOLVING
E _Pmmﬂﬂblﬂﬂmons
xample 37. Gi‘vmtheﬁ.umnu(x'u |
ined fm*as,xib t>o. m -

W _£{BU} |

Bxa
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Ju
ot ’

Then using (i), we gell '

Lo} 43

s L {V)-Vi(x, 0)

(iil) LetV=-

]

J.{%?} Vix, o)
=  slsulxs)-Ulxo)] - Vix.0)
= s?u-sU(xo)- Ut (x,0)

SiI]CEV-—- "aT—Ut v

92U i :
.E {a xﬂ} = 52u s U [x,n] —U;(x.ol.
. i
wh:ere U, [x.o] = *é%

 (iv) LetV=§-q Thenuslng[ﬁ],wehnve

L02U0)  Lfav) .
s "{EF}= *{Ez}“a v
g )

d U] 4 ray
dx'c{ax}= dx (Eﬁ
re u=u (xs) = [ rl.r_(x,t)],.

{%ﬂg}g

- 'al-.'ld u =.u(x,s] = L{U(x.t)).

|
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E;ample 38. Using Laplace transform solve (he followin
poundary value problem

#U , .
%?—:5;5' U (X0 =3sin2m x
U (o,1)= 0, U(1,0) =0
whereo < x< ], 1> 0,
Solution :
oU U

Given = =352 (1)
Taking the Laplace transform of the partial differential

_equation (1), we have

£l <lae]

e Sy CUG )

A

- fl su = -3 sin 2nx . (2)

lx, 0)=3sin2 X

. m= ‘Jg
tary function (C.F) is }

e oex

163

g
{)
| =4
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Particular Integral (P.1) is

6
ul) - }'[} - [—)—f—:g [—-3 sin anj

= B pr_g (sin2my

1 : 35,
= —Bm sin2xwx

2 - -m2 3sin2nx
S 4ni_g S M-S+41’E?‘

Hence the general-soluﬂon of (2] is.

S U=Uetu,= Clc”rs"+ Cgﬂ‘d_r 8

_-—_S+4’.'t2 Sin 2nx (3)

Taking the Laplace transfofm of those boundary
conditions which involve B we.have

L {Ulo.t) = ufo, §) = =0 and
Lo, = U(lsl 0. N

o

Using the first condition ulo, s] 0 in (3]
wehaveo Cie? +Ce®40
Slncaeslnro—Q
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Now taking the inverse Laplace transform on hogp, Sides f
| ; ),

we have
-1 -1/10sindnx 5sin6nrx
R {s+32-n.-2 " s+ 7212
. -1 1 bl -1 ]
= 10sindnx L {s+ anz} 5sin6nx L {m}

= 10sindnx. e-327%t _ 5gingnx. e~72n2t

: =10 —at
Since L {s+a}- =gl

Ulx, 1) = 10632 singmy — Se-72m’t
which is the required solluti'on.

Example 40. Solve using Laplace transform the following
boundary value problem : 0

Sin6rx.

¥ . Yl L e
ot2 I=gax2-Y(0,U=D,Y[2,t]=o‘

Y(x. 0) = 20sin27c— 10 sin 5nx.

T : -a-2—Y.. ﬂ -r".



QPPLICATIONS OF LAPLACE 1x

i ANSFORMS 169
gince Yix, 0) = 20 ‘sin 21X ]OSinSRx;m{]
Y. 0 =
2
A Eism? - (%) =0, ., m=i—§—.

3 5
CF=y.=C,e +C2e3 (3)

P'I'EYP= { 20

e 10
.D2 (E) TR VR SiN27mx + — 9 Ssin 51:x}
S-S
: . 10
-39S sin2mx 9 S sinb5nx
= S e

oS g2

_20s sin2nx - 10s sin 57x
- s2+36n2 2 4 29572 [4}_

Hence the general solution of [2) is

y= ShtYp -
2 _

—

" . e 3x 20s sin2nx  10s sin 5nx
\ "';'-'.‘Cle +Cre s?2 +(6m)2 s? + (15n)?

€ Laplace transform of those boundary conditions
'-" ‘e , 'we have

12, s) =
dition y(o, s) in (5), we have

o,0r,C,+C;=0 (6 :
cond condition y(2, s) = 0 in (5), we have
: <
35 ' i
& & 0, 08Ce”+Ce; = 0(@7)



Solving the above (WO equations (6) & (7) lor C, ang 27

“-’E. II rJ,

_0 (‘2=

Putling C, =0, Cy = 0 in (5), we get -
20s sin 2nx  10s sinbnx @ L

Y="sts(6m? 2+ (1607
Now taking the inverse Laplace transform of both sides o,

we get

-1 -1 [20s sin 2nx  10s sin 5nx
L {y}:,E { s2+ (612  s?+ (1572

or, Yix, t) = 20sin2nx L {W}

— 10sin5mxL {32 +[15n)2}

In
or, Ylx. t) = 20sin2nx cosﬁnt 10 sinbnx cos 15nt. 3
which is the required solutjon {['
Example 41. Using Laplace transl‘orm solve the followint §
hounﬂary value pmblem : . }

i

‘T ls?mo.a G.Yiz,t] 0. Y(X. 0) = 0

Yg(x- o)= 12cos1rx+ 16(:033“ SCDS Brx
w16z W
l-ﬂplace tmnsform on both sides of (1), we have
e = 18.8{33’}

j :Ml . fl;

y - SY(x, o) - ~Yilx 0) = 16%




+16a? 5?4+ jdaxt

e general solul

oidilions




an I




peinry differentinl cquations with eonsiamt
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5
Sobve Ihe following initial

tramsform :

Answer: y=23143
B [0142 % (1) 4

txfol =4, £ ol =
1
= gt
i) e
< sint; yio)
11 ’
et st + sindt).

'ym-

= Aginat | xo] =
sinal-at cosat), -

W oy [sinal-al casall,
¢, couat 3 sinai al casall
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43. Find the general solution of the differenj,) equ
d?
:2k._3_' 2 {
—%dt +k y{ll fiu).

Ansm.:y=)f[l‘]= [A+(B-kA)t | ekt

r|““h

+ J:; (t-u) elt-y) fluldy

mmr DEFFERENTIAL EQUATIONS WITH VARIAR|p
VR 3 COEFFICIENTS

44. Solve the foilowin

g differential €quation by using tpe
Laplace transform: '

Y #ty - O =0 Y0 = OY(O]-I

Answer : Y =t ALY ;
45 Solve the following dil?fcrentiél e_quai.ion by the Laplace
transform; - ' e b

ty’’ +2f *iy= oy{0+]=1 y(ﬂ:}

Answer : y __g{ig;

N

Find the bounded solution of the equation
Y +tY'+ [t‘?

-1)Y = Owhich is such that Y(1) =

Answer : Y = (' SJ
B S olve the following diﬂ'erenu

al €quation by the Laplacs
ira; sform

() + (1 —d~ t) y't) +ay(t) AR

transforins .
» >
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Defintion : Trignnnmetsic
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L2 Fourier serics

§ TRANSFORMS Anp

FOURIE
AND Fy
THEIR Appy

W nimodisetivn LI

p+ad = [x} ho i
el least period

he € cols
Balled 1w Ligonome
. *2 Forier series

e + by, 5in i




lt ' f _ ; 5 i aopnelli
. yourier serles I[is¢ 3 i Fourier series il

fiad dx

e

wrillen as

x

i e

u,-;J o) sirmax dx, fn =
-,

hange of inlervals
nd

dilined In e in

=
Ay S

n=1 ‘ i

I [=
J Mo dx [ = g
-




et Be
L E
i+ 2o
1
3 j‘ fixd sin
o
44 Complex form of Fourier serfes,
Enom irigonemet ey, we hav ]
o B, - ® & e ®) ang sing - Ty {29 - o

oW he complex form of [he Foaries
13

18 Lo




— lby) ared ¢
C, fitgy = iyl aandd €

Complex form of the Foury,
] - the Complex form of the F .
v Complex form of the

e wnlle
. can o by writter i

T~
4.5 Double Fousler serles
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I dx= a,




Thegelure, Af 4 1
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half range Fourier sine

onrier cosine peTies




imterval
Dirjchlet's conditions.

4.8 Parscval's Formula , y d ; I
e d the mos |u.|por- it propert i : af Lhe: most impo P g e 5 : ,.‘.l,mant i
Parstwal's Fonmula or the completeness zclahnn Parseval's Formula or the co Sl o .h e e“nug i
hetwe i Tein ‘armuls 1

5 7 relal Lt 3 i n.].llum




verage of the square o

h when :
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p [;
n=1

alued funclic

L -0, 21,

e of [T

2 Co8 e + 1,
1 J“' 1
g1l =

in

e
andby = o l Flad sin Do,

are delined in ter

# bt




T

x
st 1.9 Fousier Integral

4.9 Fourler Integral 4 The Fourler Intergal

The Fourler Intergal . . khg T




COws T 4 1 -

Whiere







=
i) cos 1t cosult

0 :
ibatituting th il in equation (4] g : . S | . £

it

5 : 2[ ] cosutesuwia
0 (
gral of an Funet;, Fourler integral of an 1 fung, . Fourier integral of an
an odd function « 2 A hen g is an odd f_um:ﬂm C X _ 2t odd l:un::ﬂnn

fl-od =—fld we h;m__r fit} eos fun [x—1)
il =
= r flt) cos (u fx- 1) dt + j fie) cos [u i

- [
plactng | by (—1] 0 the i 1 1 repladng L by [ in i
s 5 i have h

Ve

Bl 4} ot

r ) eos fujx g dt £ 1 b x| “Thus r 1t coa fulz-1) i

= f;ﬂﬂ [eos fule —thvos fuix + 1} ] dt =J:f[u Juses uafx ~tl-cos ful =r St [eos fulx -6 -cos fulx + G} ] dt

’I__ F s uasint de (6 J:f[ﬂsiuuz,mm;.-jl =] - '_ﬂQEIII.Lu-:Il b dt )
0 . ’

Substituting this relation in equirtion {4) ! ting thiz relation In equation (4) 1 Substituting this relation in equation (1]

: el =}[J: lhlr st Simogdt W I:hj: Sin ul slymade W dujl: &1 Ut sl




sl
h is the Fourier Integral of i . s
which Igumi s Cl!ﬂ. of an odd function. hich 15 the Fourier Integral of an odd fun w i vall o
E‘W“" osine transforms . e Fourier sine and cosine transfo i of an odd fumetion.
finite Fourier sine triansform of F [» '“‘l IS . Fiaite Fourier sine and cosine transforms
defined as !

L] ;
: e finite Fouricr sine trfansform of §

The !'uucl m Fl .
Fourier sine l.ra.nst'orm of f, i) The [unction

he inverse finite
and 1 Fourier sif¢ transiomm

inverse finite

. m

Fld= = 7
T

The finlte Fourier cosine transform
defined a5

fol r Fixd
0

where n ig an inleg

The hanclicn Fla (e led the inverse findtc

4 ikl led the inverse fnite
f ul i5 ghven by

The I‘l‘lﬂml wrler pine transform ¢ k b 1 A1 (Infinite) Fourier sine and cosing transforms
. it raint ke by £, k) and i defined  The (infinitc) Fourier sine tr-lnnlf:mll ] / function ¥l
= |5 denoted Pl . 48 :
o -~ of Luu(h that ¢ s denof

Ani) = r Fiod aim o e {1
i

% .
) = F Fid snnxde (1)
o
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Fouricr sine transform an Fnu.rler cosine transfong
tively.
C icfine. Fourler sine transform
Fourler cnsm: transform in the

i}

lii) B € fiad =F, nl =

-

P = 2 r £, i) sin nxcdn

The [ El ite) Fourier cosine tr&n-‘fmm

|
Fourier sine transform : ard Fonrh:r cosine transfory,
tively.
tiefine. Fourier sine mnsfurm
Fourier cosine transform in Lhe follo
respentivedy -

W Foffl
’ 'E' o

(il Fef flaj ]=‘q|_n J— Fin dme me s
i}

Note 3. Ssme auihg inverse Fourler sing
transform il inverse Fourier cosine transform it
foJ.Iuwmg Ways respeckively

) fla 'J_r felnlees ny d.r|

Lthen called r'Ih- mvrn: Far.m“
i In) and T

Fouricr sine transform .
Fou:ler usim: transform In the lollowi
Ly

= i
Fixd ens na

20 define inverse Fourie
I_nvtue Fourier codine transform i
eapectively -

Note 3. Some authors
el

' b0l s Al




Gomplex f0rm of the gy,

w3 gransforms

integral and Fourier

ourder integral,

complex form of the Fourler integral,
it e oy

the inverse Fourier transform of 74 .
Alternative forms of Fourier transform

i i =l
v, -

ol =2 | e

18

complex form of the Fg, ier

tnsforms i

Frarm ihe

integral and Fourier
Fourjer intogral,

s lx- (1)

ot ‘ du (4

whizh 13 ealledd (hr: complex form of the Fewrier ntegral,
Also (4 can be aritten as

14 = ealled the Fonrier transform o
e inverse Fourior transform of 2] .
Alternative forms of Fourler transform

i complex form of the Fo
&

- f] bt | oy

[

15 called the: complex form of the Fourier integral.

ut ap | ehaxgy

1 iz called e Pourier transform of Clu) and Clul s
it inverse Fourier transform of 1+ .

Alternative forms of Fourier transform




The funcliun fix] 15 calls Fourler tranaform d
© fua) arwd 7 ) s calbert the imverse Fourier transtom {
Sl

Convelution and Convolution theorem

Definition Canlmlnﬂl_nn

The ﬁ-lll:hnnl-!.w =F.1G

s called the Convolution o Faltung «

functions F and G vy the intesval o, = ). :
The Convolution (er Ealtung ) theorem for Fo™
transforms

C fu) and € (u] iz called the inverse Fourier transfom
fisd.
Conwelution and Convolation theorem

is calied the Convolution o Faltung of two I
lunctions F and 0 o the Interval ==, ® "l
The Convolution (or [Faltung ) theorem for F
transforms § -

Fit) et dt - 02}

The lunction flx) i called the Fourier transform o
alled the inverse Fourder transfor ©

Convolation lndﬂcnvnlnhnn theorem

Definition Convolution

The function Hix = F * (= r. Fhul Gl
b G

iz called the Convolution o Faltung

funetioms F and i ._1:;.'.€Im.._ interval - « 15 ot

The Comvolutlon (o Faltung ) theorem for Fou™ |

transforms §
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i} b | e
b
B .,|‘
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==
e | F kg [ f et du ‘

Al iy J Figila)




Alternative proof u!' ﬂw convolution theurem
finitton of Fourier
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defined by £

Alternative proal of the comvolution theorem
v definitinn of Fouricr | fi

N e {
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o r -
F ful G fu) = r r_ -‘T’-'-"E ) e hux g dy

5 1
flt) g |




4l Parseval's identity for
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Parseval's Identity for Fourier trgy : . thet L
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theorem or p E
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Note : 0}
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ilitics for Fourier cosine 300 sine
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J Fohl du J’J Tad g {ad v,
j TR

i 4

2 [ ricdien [ o ax
o

: I.T R0 Gyl = | 1 g e e - ‘Tu Pl Bl J: 8 0

.[q 1 fa f: Ms)? dx
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Solution : Def® ; The complex form of the Fowrler sedes qnl

written as,

andn=o0.t

Ist portion

2 L3
def™ wehave = ag + X (o co8 ne + by, stnnad
il

and verify the

serl )
Def® ; The complex form of the Fourier series
written as. z

andn=o, +1, +2,
Ist portion

=
defM, we have fld =85+ [ap o0s nx+ by
n=1

F
A= I coa madx
-

erie

Sohation : Def® : The complex form of the Fourier series

and ne=o, £, 45, L
Ist portion
Ry def™, we have flx =




fr
sin node+ |




aw pulting i

s04E b sinnx

den=0+1,£243

Here in our f =L Here in pur given problem ¢ = .
w -
A=l  Cltx_plon i LAM=L S M =L e _nlyen
= Ne==

===

¥ : e Iz .
whiere € = nx g " 0 R where = - 1% flge-tne g

n=0,%1.1t2 t




then n = +1

wlien
Thus, fly |-,Ll e

mi 1
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Example 5. Find

1 = e whe

Solation
fuaemi-tic

i

urdu (1)

ul dt [l.-'“cus:ut{h
o

|ﬂ£[ kons ut + u sin ut)

4 L OO ek

Fie renuived Fonrier mtegral of the functi

X

the

(L), e gk

the Fouriel

I
ok s L rh

which s the roguire

= o ik

k>d @

Touner iqtqmu of the function




& Find

._,.llFI"'
i = - Ml for k

Fthe funel




) dt J
o

f=
M dt |

|

"

i . = u‘slnuujr.a_[ ¢

o sin ot di l.’ clenutal 1A ;!
= [

-
ik ,1.! & gin b i

e i it gy 2
o

e Nsin ut— 1
T

il chy
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Solution
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Exampie 9.
L

Solution : By d

we hanve

Froam the Fourier ‘indegral formula of an o
have

ol sinuwy g

- =
dn ,{ LLTET T e
(4]

1 nuady

he Fourier sine i

Example 3. Find the inverse Fouri
Z n
"1+

Solutidn ; By definilion of the 1o

we hiave

Ln) =m e
o 4

o T
g SRdn (1)

From the Fourier Integral fornul

n
e+ 1
Hence {he Fourier sine (rar
Example 8. Find [he in
Cinl n
L+

utlon : By definition of e v
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S0+ qE- n)

Lin| + — [4n) =
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Solution y o o he | e 2 Solulion
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nn=i] which is ihe Tinjte F,

Example 13. Find th
R
e

X g +_[= flxg gt g
-a

Ty [=
: : . a3 - k- ¥ ‘-"-"d.r_‘,[_ ]e""-""d.‘r+J. Oy
_1"-'11c-+j Jgrbux g, 4_[ Oe- iy .
A

i




Solntioa of Eecond pariion :
it of Lhe trover: r 1 8 is the definilion of the iiverse Fourier
i =
1
f T} eiti¥dy Flu] 11y Tix} = 1 Flu) e
= 8 = 1 o

= 10 g 1o ;
J Flu elVX gy = {]- IT ) i I Flu) &M% 11 = li: [0 ! Flu el g = !l':
—= 3 =3 b 5 it g

=
J Fiul olt¥ i
=

]"E In ua

he Fight side is

(1) aarned (20, we gL

e ]
ﬂ‘-“’[n_ Il > &




'I'I " 4y = 1, since the

Belmps to —=,

Solution : By the definition of Fourier fransform, we have

= ¢
Fiul = { i) by

5 x r o
! Jﬂ el vids gy .r'ﬁlwx 2
o - . o




pample 13, Find the F
1 -
foa-]

o : By de urier transform

Flul = .F fIl) & it
=

-1 j.
= oe Ay + ! 1=

1
i {1~ 8] el + 0

| =
Fourier |

Fab=J 110

1 1
F o "‘d.xaj‘ (1= 27) e
i 1

1
g -n+I (1= o8 g M5dx + 0

which is the

1
j [1- 2%} g Wdx + 0
|

L
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Example 16, Prov

- . s ple 16, we have
Proof : From the resull o % have

I5in u — v cos uj

m of the inverse Fourier tn

.[ F'lLrJt’"’du

3 :
. 2g i Ry or2xf = JJE 0 - ucos ) e
1 U~ e 1) by == ¢

| Co 1]

il “-‘-"’-‘ﬂﬂulkt ; — oS ux s rsin g du
U cos. ; T T 811 X+ 1 i o

"chwu:n.muu-m

o fla J e e ()

Equating riad pannnlvlmmbuu- m.su; 1), we get.
(86N 1 = uroa




funciun ¥
Solutlon : By defi

[einl = j O X gy,
L u

=I £ oon nxdx = 1S - (1)
o

Ling with 1 ptc| ¥ pwe have

e [x =in nd die _! ) einne axe

il FlEr eoslng tramsd

Beolution : By deliniiing of

folml = ) Fiy
% 0

I 2 " cos rie e = 115 1)
2 :

Hating with res

(2) we get Wgl ==

1
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Lion of Fousier

1
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n'l

o
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Thus Trom

e L

! . e E 3 Example 18, Sohe the inlegual couatton
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Example 18, % g L 3 ] b
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I-qu
- feie f3 0.
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h ) s "
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o Ifldfde +
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L g it
fobirier Lransform of the funetion A de
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N Fourier ang Laplace tran
Fiaaie L z

o
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e g
o
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r transform of Uhe function
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o
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L]
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4,16, Fourler {ransform of the derivatives of a funcy,
vative of Fi

forms.
4.17, Multiple Fourier transforms. 4.17. nlqu.lplr F(m:rler transforms. 4,17, Multiple 'm"mm;t .
L 1T, n of (wn variabl fgr : Hon of tero varial . &y I'um:ll.url oF twi

F lu, Flx. y) e

c-}nrapﬁ-n-:llm; mverse Four
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Fluvle
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* e ==t 2wk 1 | 5 3. Find the Fourier inte ; 3. Find the Fo itegtal of the fumslion
3. Find the Fourler Integral nlr_h::‘um:um ’ hm aral of (he function : en ey :

1 when x| when |x]< |

1
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4.18 Applications of Fourier transforms in sl

] 4.18 Applications of Fourler transforms in sgien;
boundary value Probbems, boundary valut Problems. I

4,18 Applications of Fourier transforms in solrig |
boundary: volue Froblems.
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Physical interpretation
Fhysically Ulx, 1) repn

any Itme t i s bar with the
temperature which

femperature 10 tee hall bar from x -
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temperaiur
o l=n
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Fhysical interpretation
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