Analysis of VVariance

The statistical method for testing the null hypothesis that the means of several
population are equal is accomplished by F-test. The F-test is based on the
technique of analysis of variance or abbreviated ANOVA. In the present context,
we discuss about one way analysis of variance, in which only one type of treatment

or factor is involved in the experiment.

Assume that we have k independent samples from k normal populations with
population mean py, Hy, U3 wv .. ... ... . Wy FESPECtively with common variance o2. An

appropriate for testing the hypotheses is

HO: l’ll - l,lz - |J.3 — ks s ee s — uk

H, : Atleast two of the means are not equal.

Model for One-Way ANOVA:

Sample 1 Sample2 | ... Sample k
Y11 Y1 | e Y1
Y12 Yoo | e Yk2
Y1n1 Yan """" Yk ng
Total T, T, | . Ty
Mean Vi Vo o | e Vi
Grand Total
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Grand mean

k i
2i=1 er;l Yij
. —

G
}_,= N; N=n1+n2+“‘+nk

Resolution of Total VVariability into Components:

The Total Sum of Squares (SST) measuring the total variability in the data can be
partitioned and resolved into Sum of Squares Between samples (SSB) and Sum of

Squares Within samples (SSW).

SST = SSB + SSW

\2
(3 -7)

I.e. Total Variance = Variance between samples + Variance within samples.

(v,-%) =Y n(-9)"+

ny k k 1
i=1 j=1 i=1 i=1

j=1

For calculation:

Variations Formulae Degree of Freedom
K _
= n; N
SSW SST- SSB N -k
SST kD G N-—-1
DTS
i=1 j=1
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Summary Table for Analysis of VVariance:

Source of Sum of Degree of Mean Computed
Variation Squares Freedom Squares F
— SSB
Between SSB k—1 MSB =
Samples k-1
_ MSB
Within SSW N —k MSW B = sw
Samples _ SSW
 N-—Kk
Total: SST N—-1

Here the F distribution has v = k—1 and v, = N — k degrees of freedom. The

null hypothesis is to be if f > f, with v; and v, degrees of freedom.

flx) A

fl—oc,u,l/

fo u v

P
X

Upper and lower percentage points of the F distribution.
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Example: As head of a department of a consumer’s research organization, you

have the responsibility for testing and comparing lifetimes of four brands of

electric bulbs. Suppose you test the lifetime of three electric bulbs of each of the

four brands. The data is shown below, each entry representing the lifetime of an

electric bulb, measured in hundreds of hours:

Brand
Brand A | BrandB | Brand C | Brand D
20 25 24 23
19 23 20 20
21 21 22 20

Can we infer that the mean lifetime of the four brands of electric bulbs are equal

with 5% level of significance?

Solution: Let us take the null hypothesis that the mean lifetime of the four brands

of electric bulbs are equal, .i.e.

Ho: M1 = Mo = [z = |y

X4 X,? X, X,? X3 X32 X,y X,2
20 400 25 625 24 576 23 529
19 361 23 529 20 400 20 400
21 441 21 441 22 484 20 400
DX KT e | YXt | e DT DX |
—60 | =1202 | =69 | =1595 | =66 — 1460 | =63 — 1329
k
G=Z T, = 60 + 69 + 66 + 63 = 258
i=1
G?| 258% -
N/, N
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G? G2
— 2 _ 2
SST = E E Xij - = E X ——
z 2 z Z G2
2 X 2 2 X 2
—_ X1 + 2 + X3 + 4 T X

= 1202 + 1595 + 1460 + 1329 — 5547
= 39

k T_Z GZ
SSB = ; o N
EX)? EX)? (X)) EX)? 6

n, n, ns; ny N
=15

With the above information the ANOVA table for the given problem:

Source of Sum of Degree of Mean Squares Computed
Variation Squares Freedom F
— —1=4— SSB
Between SSB =15 k—1=4-1 MSB =
Samples =3 k—1
15 MSB
3 MSW
Within Samples SSW= N-k=12-4=8 SS 5
- =—=1.67
39-15 = 24 MSW =% 3
=5 =
Total: SST = 39 N-1=12-1=11

The value of f with v; =3 and v, = 8 degrees of freedom at 5% level of
significance is f, o5 = 4.07. Since the computed value of f = 1.67 is less than the
table value of f,,s = 4.07, therefore we accept our null hypothesis. Hence, the
difference is insignificant and we can infer that the mean lifetime of the four

brands of electric bulbs are equal.
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=025

f 0.25, vy, ¥y
Table V1 Percentage Points £, ,, ,, of the I Distribution

.f[l 25y

Degrees of freedom for the numerator (v;)
vy 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 o

o

1 5.83 7.50 8.20 8.58 8.82 8.98 9.10 9.19 9.26 932 9.41 9.49 9.58 9.63 9.67 9.71 9.76 9.80 9.85
2 2.57 3.00 3.15 3.23 3.28 331 334 335 337 338 3.39 341 343 343 344 3.45 3.46 3.47 3.48
3 2.02 2.28 2.36 239 241 242 243 244 244 244 245 2.46 246 246 247 247 247 247 247
4 1.81 2.00 2.05 2.06 2.07 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08
5 1.69 1.85 1.88 1.89 1.89 189 1.8% 1.89 1.89 1.89 1.89 1.89 1.88 1.88 1.88 1.88 1.87 1.87 1.87
6 1.62 1.76 1.78 1.79 1.79 1.78 1.78 1.78 1.77 1.77 1.77 1.76 1.76 1.75 1.75 1.75 1.74 1.74 1.74
3 157 1.70 172 1.72 1.71 1.71 1.70 1.70 1.70 1.69 1.68 1.68 1.67 1.67 1.66 1.66 1.65 1.65 1.65
8 1.54 1.66 1.67 1.66 1.66 1.65 1.64 1.64 1.63 1.63 1.62 1.62 1.61 1.60 1.60 1.59 1.59 1.58 1.58
) 151 1.62 1.63 1.63 1.62 161 1.60 1.60 1.59 159 1.58 1.57 1.56 1.56 1.55 1.54 1.54 1.53 1.53
10 1.49 1.60 1.60 1.59 1.59 158 1.57 1.56 1.56 155 1.54 1.53 1.52 1.52 151 1.51 1.50 1.49 1.48

—
—

147 1.58 1.58 157 1.56 1.55 1.54 1.53 1.53 152 1.51 1.50 1.49 149 148 147 1.47 1.46 1.45
1.46 1.56 1.56 1.55 1.54 1.53 1.52 1.51 1.51 1.50 1.49 1.48 1.47 146 145 145 1.44 1.43 1.42
145 1.55 1.55 1.53 1.52 151 1.50 1.49 1.49 148 1.47 1.46 1.45 144 143 142 142 141 1.40
1.44 1.53 1.53 1.52 1.51 1.50 149 1.48 1.47 146 1.45 1.44 1.43 142 141 141 1.40 1.39 1.38
143 152 1.52 1.51 1.49 148 147 1.46 1.46 145 1.44 1.43 141 141 140 139 1.38 1.37 1.36
1.42 1.51 1.51 1.50 1.48 147 146 1.45 1.44 144 1.43 1.41 1.40 1.39 138 137 1.36 1.35 1.34
142 1.51 1.50 1.49 1.47 146 145 1.44 1.43 143 1.41 1.40 1.39 138 137 136 1.35 1.34 1.33
1.41 1.50 149 1.48 1.46 145 1.44 1.43 1.42 142 1.40 1.39 1.38 1.37 136 1.35 1.34 1.33 1.32
141 1.49 1.49 1.47 146 144 143 1.42 1.41 141 1.40 1.38 1.37 1.36 135 1.34 1.33 1.32 1.30
1.40 1.49 1.48 1.47 1.45 144 143 1.42 1.41 140 1.3% 1.37 1.36 1.35 134 1.33 1.32 1.31 1.29
140 1.48 1.48 1.46 1.44 143 1.42 1.41 1.40 1.39 1.38 1.37 1.35 1.34 133 1.32 1.31 1.30 1.28
1.40 1.48 147 1.45 1.44 142 141 1.40 1.39 139 1.37 1.36 1.34 133 132 131 1.30 1.29 1.28
1.39 1.47 147 1.45 1.43 142 141 1.40 1.39 138 1.37 1.35 1.34 1.33 132 131 1.30 1.28 1.27
1.39 1.47 146 1.44 1.43 141 1.40 1.39 1.38 138 1.36 1.35 1.33 132 131 1.30 1.29 1.28 1.26
1.39 1.47 146 1.44 1.42 141 1.40 1.39 1.38 137 1.36 1.34 1.33 132 131 1.29 1.28 1.27 1.25
1.38 1.46 145 1.44 1.42 141 1.39 1.38 1.37 137 1.35 1.34 1.32 131 1.30 1.29 1.28 1.26 1.25

— e e e
G0 ~1 O\ th = D

Lo e B S A o o
h = b~ D

Degrees of freedom for the denominator (v,)
=

[3e]
(=9

27 138 1.46 145 1.43 1.42 140 139 1.38 1.37 136 1.35 1.33 1.32 131 130 1.28 1.27 1.26 1.24
28 1.38 1.46 145 1.43 141 140 139 1.38 1.37 136 1.34 1.33 1.31 1.30 129 1.28 1.27 1.25 1.24
29 138 1.45 145 1.43 141 140 138 1.37 1.36 135 1.34 1.32 1.31 1.30 1.29 127 1.26 1.25 1.23
30 1.38 1.45 1.44 1.42 141 139 138 1.37 1.36 135 1.34 1.32 1.30 1.29 128 1.27 1.26 1.24 1.23
40 136 1.44 1.42 1.40 1.39 137 136 1.35 1.34 133 1.31 1.30 1.28 1.26 1.25 1.24 1.22 1.21 1.19
60 1.35 1.42 141 1.38 1.37 135 1.33 1.32 1.31 1.30 1.29 1.27 1.25 1.24 122 1.21 1.1% 1.17 1.15

120 134 1.40 1.39 1.37 1.35 133 131 1.30 1.29 128 1.26 1.24 1.22 1.21 1.19 1.18 1.16 1.13 1.10
o0 132 1.39 1.37 1.35 1.33 131 1.29 1.28 25 125 1.24 1.22 .19 1.18 116 1.14 1.12 1.08 1.00
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fo 10, 2y, 7

Table VI Percentage Points £, ,, ,, of the F Distribution {contined)

.fblﬂ,vl,v2
Y1 Degrees of freedom for the numerator (14)
¥y 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 oo
1 3986 4950 5359 5583 5724 5820 5891 5944 5986 6019 6071 6122 61.74 62.00 6226 6253 6279 63.06 6333
2 8.53 9.00 9.16 9.24 9.29 9.33 935 9.37 938 9.39 9.41 9.42 9.44 9.45 946 9.47 947 948 949
3 5.54 546 5.39 534 53.31 5.28 o) 825 5.24 5.23 527 5.20 5.18 5.18 517 5.16 5.15 5.14 5.13
4 4.54 4.32 4.19 4.11 4.05 4.01 3.98 3.95 3.94 392 3.90 3.87 3.84 3.83 382 3.80 3.79 3.78 3.76
5 4.06 3.78 3.62 352 3.45 340 337 3.34 332 3.30 3.27 3.24 321 3.19 317 3.16 314 3.12 3.10
6 3.78 346 329 318 %31 3.05 3.01 2.98 2.96 2.94 2.90 2.87 2.84 2.82 2.80 2.78 2.76 2.74 133
7 3.59 326 3.07 2.96 2.88 283 2.78 295 2.72 2.70 2.67 2.63 2.59 2.58 2.56 2.54 251 249 247
8 3.46 311 2.92 2.81 2.73 2.67 262 2759 2.56 2.54 2.50 2.46 242 2.40 238 2.36 2.34 2532 2.29
9 3.36 3.01 2.81 2.69 2.61 1.3 2l 247 244 242 2.38 2.34 2.30 2.28 2,25 223 | 218 216
s LD 3.20 292 223 2.6l 252 246 241 2.38 2.35 222 2.28 2.24 2.20 218 216 2013 211 2.08 2.06
ST 3.23 2.86 2.66 2.54 2.45 2.39 234 2.30 2.27 2.25 2.21 2.0 212 2.10 2.08 2.05 2.03 2.00 1.97
§ 12 3.18 281 2.61 248 2.39 2.33 228 2.24 2.21 2.19 2.15 2.10 2.06 2.04 201 1.99 1.96 1.93 1.90
E 13 3.14 2.76 2.56 243 ik 2.28 2.23 2.20 218 2.14 2.10 2.05 2.01 1.98 1.96 1.93 1.90 1.88 1.85
g 14 3.10 275 A2 259 251 2.24 219 2.15 212 2.10 2.05 2.01 1.96 1.94 1.91 1.89 1.86 1.83 1.80
5 15 3.07 2.70 249 239 S Zzl 216 2 2.09 2.06 2402 L7 1:92 1.90 1.87 1.85 1.82 i 1.76
E 16 3.05 2.67 2.46 233 2.24 2.18 213 2.09 2.06 2.03 1.99 1.94 1.89 1.87 1.84 1.81 1.78 1.75 1.72
s 17 3.03 2.64 2.44 231 222 2.15 210 2.06 2.03 2.00 1.96 1.91 1.86 1.84 1.81 1.78 1.75 72 1.69
§ 18 3.01 2.62 242 229 2.20 213 2.08 2.04 2.00 1.98 1.93 1.89 1.84 1.81 1.78 1.75 1.72 1.69 1.66
g 19 259 2.61 2.40 2R 2.18 2.5 2.06 2.02 1.98 1.96 1.91 1.86 1.81 15 1.76 1.3 1.70 1.67 1.63
T 20 297 259 2.38 i) 2.16 2.09 2.04 2.00 1.96 1.94 1.89 1.84 1.79 1.77 1.74 1.71 1.68 1.64 1.61
é 21 2.96 DB 2.36 223 2.14 2.08 202 1.98 1.95 1.92 1.87 1.83 1.78 1.75 1.72 1.69 1.66 1.62 1.59
5 22 2.95 2.56 a8 o) 2.13 2.06 2.01 1.97 1.93 1.90 1.86 1.81 1.76 1.73 1.70 1.67 1.64 1.60 1:85
§ 23 2.94 o 2.34 221 2ok 2.05 1.99 1.95 L2 1.89 1.84 1.80 1.74 St 1.69 1.66 1.62 155 L5
E'n 24 293 2.54 283 2.19 2.10 2.04 1.98 1.94 1.91 1.88 1.83 1.78 1.73 1.70 1.67 1.64 161 1Lias 153
A 25 292 2.53 2132 2.18 2.09 2.02 1.97 1.93 1.89 1.87 1.82 1.77 1.72 1.69 1.66 1.63 1.59 1.56 1.52
26 291 252 2.31 217 2.08 2.01 1.96 1.92 1.88 1.86 1.81 1.76 1.71 1.68 1.65 1.61 1.58 1.54 1.50
27 2.90 2.51 2 LY i 2.07 2.00 1.95 1.91 1.87 1.85 1.80 1.75 1.70 1.67 1.64 1.60 1.57 g 149
28 2.89 2.50 220 2.18 2.06 2.00 1.54 1.90 1.87 1.84 1.79 1.74 1.69 1.66 1.63 1.59 1.56 152 148
2 2.89 2.50 2.28 2ls 2.06 1.99 195 1.89 1.86 1.83 1.78 123 1.68 1.65 1.62 1.58 133 1.51 147
30 2.88 249 2.28 2.14 2.03 1.98 1.93 1.88 1.85 1.82 1.77 1.72 1.67 1.64 1.61 1.57 1.54 1.50 146
40 2.84 244 2.23 2.09 2.00 1.93 1.87 1.83 1.79 1.76 1.71 1.66 1.61 1.57 1.54 1.51 147 142 1.38
60 2.79 239 2.18 2.04 1.95 1.87 1.82 1.77 1.74 1.71 1.66 1.60 1.54 1.51 148 1.44 1.40 135 1.29
120 L 235 Zs 1.99 1.90 1.82 1.77 110 1.68 1.65 1.60 L 1.48 1.45 141 1.7 132 1.26 119
o0 2.71 230 2.08 1.94 1.85 1.77 1.72 1.67 1.63 1.60 1.55 1.49 1.42 1.38 134 1.30 1.24 117 1.00
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fo.0s, Py vy
Table VI Percentage Points £, ,, ,, of the F Distribution (continued)
;fU 05,2105
il Degrees of freedom for the numerator (15)
vy 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 ®©
1] 1614 1995 2157 2246 2302 2340 2368 2389 2405 2419 2439 2459 2480 2491 2501 2511 2522 2533 2543
2 18.51 1500 1916 19.25 1930 1933 1935 1937 1938 1940 1941 1943 1945 1945 1946 1947 1948 1949 19.50
3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8381 8.79 8.74 8.70 8.66 8.64 8.62 8.59 8.57 8.55 8.53
4 7.71 694 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.91 5.86 5.80 5.77 5.75 5.72 5.69 566  5.63
5 6.61 S 541 5.19 5.05 495 488 482 4.77 4.74 4.68 4.62 456 4.53 4.50 446 443 440 436
6 5.99 5.14 4.76 4.53 4.39 428 4.21 4.15 4.10 4.06 4.00 394 387 3.84 3.81 3.77 3.74 370 3.67
7 5.59 4.74 435 412 397 3.87 3.79 3.73 3.68 364 3.57 351 344 341 3.38 3.34 3.30 327 323
8 5.32 446 4.07 3.84 3.69 3.58 3.50 3.44 3.39 33s 3.28 3:22 315 3.12 3.08 3.04 3.01 297 293
9 5.12 426 3.86 3.63 348 337 3.29 3.23 3.18 314 3.07 301 294 2.90 2.86 2.83 2.79 275 271
18 4.96 4.10 3.71 3.48 3.33 322 3.14 3.07 3.02 2.98 2.91 2.85 2.77 2.74 2.70 2.66 2.62 258 254
11 4.84 398 3.59 3.36 3.20 3.09 3.0 285 2.90 285 2.79 2072 2.65 2.61 257 2.53 249 2.45 2.40

4.75 389 3.49 3.26 311 3.00 291 2.85 2.80 2.75 2.69 262 254 2.51 2.47 243 238 234 230
4.67 381 341 318 3.03 292 2.83 Ll 271 267 2.60 223 246 242 2.38 2.34 230 225 2121
4.60 3.74 3.34 311 2.96 285 2.76 2.70 265 2.60 2.53 246 239 2.35 2.31 2:27 2:22 2.18 213
4.54 368 329 3.06 2.90 279 271 2.64 259 254 2.48 240 233 2.29 225 2.20 216 211 2.07
4.49 363 324 3.01 2.85 274 2.66 2.59 254 249 242 235 228 224 2.19 2.15 211 2.06 2.01
445 3.59 320 2.96 2.81 230 2.61 2.55 249 245 2.38 231 223 2.19 2:15 2.10 2.06 2.01 1.96
441 355 3.16 2.93 2.77 2.66 2.58 2.51 246 241 2.34 227 219 2.15 2.11 2.06 202 1.97 1.92

——
W

— = = =
~1 Oy th

Degrees of freedom for the denominator (15)
3

19 4.38 357 3.13 2.90 2.74 263 2.54 2.48 242 238 2.31 223 216 2.11 2.07 2.03 1.98 1.93 1.88
20 4.35 349 3.10 2.87 2.71 2.60 2.51 2.45 239 235 2.28 220 212 2.08 2.04 1.99 1.95 1.90 1.84
21 432 347 3.07 2.84 2.68 257 249 242 237 232 2.35 218 210 2.05 2.01 1.96 1.92 1.87 1.81
22 4.30 344 3.05 282 2.66 2:55 246 2.40 234 230 2.23 215 2.07 2.03 1.98 1.94 1.8% 1.84 1.78
23 4.28 342 3.03 2.80 2.64 2.53 244 2.37 232 227 2.20 213 2.05 2.01 1.96 1.91 1.86 1.81 1.76
24 4.26 340 3.01 2.78 2.62 251 242 2.36 230 225 2.18 211 2.03 1.98 1.94 1.89 1.84 1.79 1.73
25 4.24 339 2.99 2.76 2.60 2495 240 2.34 228 224 2.16 2.09 201 1.96 1.92 1.87 1.82 1.77 1.71
26 4.23 337 298 2.74 2.59 247 2.39 2.32 227 222 2.15 2.07 1.99 1.95 1.%0 1.85 1.80 1.75 1.69
27 4.21 333 296 2.73 2.57 246 237 2.31 295 220 2.13 2.06 1.97 1.93 1.88 1.84 1.79 1.73 1.67
28 4.20 334 295 2.71 2.56 245 236 2.29 224 219 212 2.04 1.96 1.91 1.87 1.82 1.77 1.71 1.65
29 4.18 333 293 2.70 Jis] 243 233 2.28 222 218 2.10 2.03 1.94 1.90 1.85 1.81 1.75 1.70 1.64
30 4.17 332 292 2.69 2.53 242 233 2949 221 216 2.09 201 1.93 1.8% 1.84 1.79 1.74 1.68 1.62
40 4.08 323 284 2.61 245 234 225 2.18 212 2.08 2.00 1.92 1.84 1.79 1.74 1.69 1.64 1.58 1.51
60 4.00 3.13 2.76 2.53 237 225 2.17 2.10 2.04 1.99 1.92 1.84 1.75 1.70 1.65 1.59 1.53 1.47 1.39

120 3.92 307 2.68 245 2.29 217 2.09 2.02 1.96 1.91 1.83 1275 1.66 1.61 1.55 1.55 143 1.35 1.25
0 3.84 3.00 2.60 237 2121 210 2.01 1.94 1.88 1.83 1.75 1.67 1.57 1.52 1.46 1.39 132 1.22 1.00
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lable VI Percentage Poins £, ,. ,, of the F Distibution (continued)

«=0025

fo.028, 31, 0

.fD 025,v) 13

Al

Degrees of freedom for the numerator (1)

vy 1 2 3 4 5 6 % 8 9 10 12 15 20 24 30 40 60 120 o
1] 647.8 7995 8642 8996 9218 9371 9482 09567 9633 9686 9767 9849 9931 9972 1001 1006 1010 1014 1018
2 3851 39.00 3917 3925 3930 3933 3936 3937 3939 3040 3941 3943 3945 3946 3%46 3947 3948 3949 3950
3 1744 1604 1544 1510 1488 1473 14.62 1454 1447 1442 1434 1425 1417 1412 14.08 14.04 13.99 13.95 13.90
4 12.22 1065 9.98 9.60 936 920 5.07 8.98 8.90 8.84 8.75 8.66 8.56 8.51 8.46 8.41 8.36 831 8.26
5 10.01 843 7.76 7.39 7.15 698 6.85 6.76 6.68 6.62 6.52 6.43 6.33 6.28 6.23 6.18 6.12 6.07 6.02
G 8.81 7.26 6.60 0.23 599 582 570 5.60 5.52 546 5.37 5.27 517 5.12 5.07 5.01 4.96 4.90 4.85
7 8.07 6.54 5.89 Sl 529 512 499 490 4.82 476 467 457 447 442 436 431 4.25 4.20 4.14
8 757 6.06 542 5.05 4.82 465 453 443 4.36 430 420 410 4.00 3.95 3.89 3.84 3.78 3.73 3.67
9 7.21 5.71 5.08 4.72 448 432 420 410 4.03 3.96 3.87 3.77 3.67 3.6l 3.56 3.51 3.45 3.39 3.33
- 10 6.94 5.46 4.83 447 4.24 4.07 395 385 3.78 372 362 3.52 342 3.37 3.31 326 3.20 3.14 3.08
1 6.72 5.26 4.63 4.28 4.04 3.88 376 3.66 3.59 3.53 343 3.33 323 3.17 3.12 3.06 3.00 2.94 2.88
g 12 6.55 5.10 4.47 4.12 389 373 3.6l 351 3.44 337 3.28 3.18 3.07 3.02 2.96 291 2.85 2.79 2:72
g 13 6.41 4.97 4.35 4.00 377 3.60 348 339 331 325 315 3.05 205 2.89 2.84 2.78 2.7 2.66 2.60
g 14 6.30 4.86 4.24 3.89 3.66 3.50 338 3.29 3.21 3.15 3.05 2.95 2.84 2.79 2.73 2.67 2.61 2.55 2.49
E 15 6.20 4.77 4.15 3.80 358 341 3.29 3.20 312 3.06 2.96 2.86 276 2.70 2.64 2.59 2.52 246 2.40
g 16 6.12 4.69 4.08 373 3.50 334 322 312 3.05 2.99 2.89 2.79 2.68 2.63 2.57 2.51 2.45 238 2.32
f 17 6.04 4.62 4.01 3.66 344 328 3.6 3.06 2.98 292 2.82 250 2.62 2.56 2.50 244 2.38 232 205
S 18 5.98 4.56 3.95 36l 338 322 310 3.01 2.93 2.87 2.77 2.67 2.56 2.50 2.44 238 2.32 226 2.19
g 19 5.92 451 3.90 356 333 3.17  3.05 2.96 2.88 282 2.92 2.62 251 2.45 2.39 233 227 220 2.13
'g 20 5.87 446 3.86 3351 329 313 3.01 291 2.84 2.7 2.68 P57 246 241 2.35 2:29 292 216 2.09
E 21 5.83 442 3.82 348 325 3.09 297 2.87 2.80 293 2.64 2.53 242 2.37 231 205 2.18 211 2.04
° 12 5.79 438 3.78 344 322 3.0 293 2.84 2.76 2.70 2.60 2.50 239 2.33 2:2% 2221 2.14 2.08 2.00
E 23 5.75 435 3.95 341 318 3.02 290 2.81 2.73 2.67 2557 247 2.36 2.30 224 2.18 2.11 2.04 1.97
w24 5.72 432 372 338 315 299 287 2.78 2.70 2.64 2.54 2.44 233 2.27 221 2.15 2.08 2.01 1.94
A 2 5.69 429 3.69 335 313 297 285 275 2.68 2.61 251 241 2.30 2.24 2.18 22 2.05 1.98 1.91
26 5.66 427 3.67 333 3.10 294 282 2.73 2.65 2.59 249 2.39 2.28 222 2.16 2.09 2.03 1.95 1.88
27 5.63 424 3.65 33 3.08 292 280 271 2.63 257 247 2.36 225 219 2.13 2.07 2.00 1.93 1.85
28 5.61 422 3.63 329 3.06 290 278 2.69 2.61 285 245 2.34 223 2.17 2.11 2.05 1.98 1.91 1.83
29 5.59 420 3.61 327 3.04 288 276 2.67 2.59 2i53 243 232 221 2.15 2.09 2.03 1.96 1.89 1.81
30 5.57 4.18 3.59 3125 3.03 287 275 2.65 2.57 2.51 24 2.31 2.20 2.14 2.07 2.01 1.94 1.87 1.79
40 542 4.05 346 313 290 274 262 2.53 2.45 239 2.29 2.18 2.07 2.01 1.94 1.88 1.80 1.72 1.64
60 5.29 3.93 334 30 279 263 251 241 2.33 227 217 2.06 1.94 1.88 1.82 1.74 1.67 1.58 1.48
120 SHlS 3.80 3.23 2.89 267 25200230 230 2.22 2.16 2.05 1.94 1.82 1.76 1.69 1.61 1.53 1.43 1.31
® 5.02 3.69 312 2.79 257 241 229 219 2.11 2.05 1.94 1.83 1.71 1.64 1.57 1.48 1.3% 1.27 1.00
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=001

f0.0l, IR
Table VI Percentage Points 7, , ,, of the F Distribution (continued)
fUCll,vl,Vz
¥ Degrees of freedom for the numerator (1)
vy 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 ©
1 (4052  4999.5 5403 5625 5764 5859 5928 5982 6022 6056 6106 6157 6209 6235 6261 6287 6313 6339 6366
2 98.50 99.00 99.17 99.25 9930 9933 9936 9937 9939 9940 9942 9943 9945 9946 9947 9947 9948 9949 99.50
3 3412 30.82 2946 28.71 2824 2791 2767 2749 2735 2723 2705 2687 2669 2600 2650 2641 2632 2622 2613
4 2120 18.00 16.69 1598 1552 1521 1498 1480 14.66 14.55 1437 1420 1402 1393 13.84 13.75 1365 1356 1346
S 16.26 13.27 1206 11.39 1097 10.67 1046 1029 1016 10.05 9.89 9.72 9.55 9.47 9.38 9.29 9.20 9.11 9.02
6 13.75  10.92 9.78 9.15 8.75 847 8.26 8.10 7.98 7.87 7.92 7.56 740 7.31 7.23 7.14 7.06 6.97 6.88
5 12725 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72 6.62 6.47 6.31 6.16 6.07 5.99 5.91 5.82 5.74 5.65
8 11.26 8.65 7:59 7.01 6.63 6.37 6.18 6.03 5.91 5.81 5.67 5.52 5.36 5.28 5.20 5.12 5.03 4.95 446
9 10.56 8.02 6.99 6.42 6.06 5.80 5.61 547 5.35 5.26 5.11 4.96 481 4.73 4.65 4.57 448 440 431
~ 10 10.04 7.56 6.55 5.99 5.64 5.39 5.20 5.06 4.94 4.85 4.71 4.56 441 433 4.25 4.17 4.08 4.00 391
E 11 9.65 7.21 6.22 5.67 5.32 5.07 4.89 474 4.63 4.54 4.40 4.25 410 4.02 3.94 3.86 3.78 3.69 3.60
g 12 9.33 6.93 595 5.41 5.06 4.82 4.64 4.50 4.39 4.30 4.16 4.01 386 3.78 3.70 3.62 3.54 3.45 336
_E 13 9.07 6.70 5.74 5.21 4.86 4.62 4.44 430 4.19 4.10 3.96 3.82 3.66 3.59 3.51 343 334 3.25 317
g 14 8.86 6.51 5.56 5.04 4.69 446 4.28 4.14 4.03 3.94 3.80 3.66 351 3.43 3.35 3.27 3.18 3.09 3.00
g 15 8.68 6.36 5.42 4.89 4.36 432 4.14 4.00 3.89 3.80 3.67 352 337 3.29 321 3.13 3.05 2.96 2.87
P 16 8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 3.78 3.69 3.55 341 326 3.18 3.10 3.02 2.93 2.84 2.75
= 8.40 6.11 5.18 4.67 4.34 4.10 3.93 370 3.68 3559 3.46 331 316 3.08 3.00 2197 2.83 295 2.65
S 18 8.29 6.01 5.09 4.58 4.25 4.01 3.84 3.71 3.60 3.51 3.37 3.23 3.08 3.00 2.92 2.84 2.75 2.66 2.57
g 19 8.18 5:93 5.01 4.50 4.17 3.94 377 3.63 3.52 343 3.30 3.15 3.00 2.92 2.84 2.76 2.67 2.58 2599
T 20 8.10 5.85 4.94 4.43 4.10 387 3.70 3.56 3.46 3.37 3.23 3.09 2.94 2.86 2.78 2.69 2.61 2:52 242
g 21 8.02 5.78 4.87 4.37 4.04 381 3.64 351 3.40 331 317 3.03 2.88 2.80 2.72 2.64 255 2.46 2.36
T 22 7.95 572 4.82 431 3.99 3.76 3.59 345 3.35 3.26 312 2.98 2.83 275 2.67 2.58 2.50 2.40 231
g 23 7.88 5.66 4.76 4.26 3.94 3.71 3.54 341 3.30 3.21 3.07 2.93 2.78 2.70 2.62 2.54 245 2.35 2.26
o 24 7.82 5.61 4.72 4.22 3.90 3.67 3.50 336 3.26 3:17 3.03 2.89 2.74 2.66 2.58 2.49 240 2.31 221
A 25 e 557 4.68 4.18 3.85 3.63 346 332 322 3.13 2.99 2.85 2.70 2.62 2.54 2.45 2.36 297 gLl
26 T2, 5.53 4.64 4.14 3.82 3.59 342 3:29 3.18 3.09 2.96 2.81 2.66 2.58 2.50 2.42 2.33 2.23 213
27 7.68 5.49 4.60 4.11 3.78 3.56 339 3.26 3.15 3.06 2.93 2.78 2.63 2.55 247 2.38 2.29 2.20 2.10
28 7.64 5.45 4.57 4.07 3.75 3.53 3.36 3.23 3.12 3.03 2.90 2.75 2.60 2.52 2.44 2.35 2.26 217 2.06
29 7.60 5.42 4.54 4.04 373 3.50 333 3.20 3.09 3.00 2.87 2.73 257 2.49 2.41 2.33 223 2.14 2.03
30 7.56 5:39 4.51 4.02 3.70 347 3.30 317 3.07 2.98 2.84 2.70 255 2.47 2.39 2.30 221 2.11 2.01
40 Tl 5.18 431 3.83 3.51 3.29 312 2.99 2.89 2.80 2.66 2.52 237 2.29 2.20 2.11 2.02 1.92 1.80
60 7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 2.72 2.63 2.50 2.35 220 212 2.03 1.94 1.84 1.73 1.60
120 6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.66 2.56 2.47 2.34 2.19 2.03 1.95 1.86 1.76 1.66 1.53 138
@ 6.63 4.61 3.78 3.32 3.02 2.80 2.64 251 241 2:32 2.18 2.04 1.88 1.79 1.70 1.59 147 1.32 1.00
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Model for Two-Way ANOVA:

In one-factor analysis of variance, the treatment constitute different levels of a

single factor which is controlled in one experiment. There are many situations in

which the response variable of interest may be affected by more than one factor.

For example, petrol mileage may be affected by the type of car driven, the way it is

driven, road condition etc. When it is believed that two independent factors might

have an effect on the response variable of interest, it is possible to design that an

analysis of variance can be used to test the effects of the two factors

simultaneously. Such a test is called two-way analysis of variance. Thus, with two-

way analysis of variance, we can test two sets of hypothesis with the same data at

the same time.
ANOVA Table for Two-way Classification:

Source of Sum of Degree of Mean Squares | Computed
Variation Squares Freedom F
Between SSC c—1 SSC
SC=""7 o MsC
Columns = MSE
B n R - SSR
etwee SS r—1 MSR = o VISR
_ Fooon
Rows MSE
Residual SSE (c—1)(r—1) | MSE
B SSE
ICEEDICEEY)
Total: SST cr—1

SSC= Sum of Squares between Columns
SSR= Sum of Squares between Rows
SSE= Sum of Squares for the Residual
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Example: The following data gives the number of units produced by 4 different

workers using 3 different machines:

Machine Type
Workers A B C
1 20 28 26
2 22 30 32
3 26 32 10
4 32 24 24

Test whether (a) the four workers differ with respect to mean productivity?

(b) Whether mean productivity is same for the different machine type? Use 5%

level of significance.

Solution: Let us take the null hypothesis as (a) the four workers do not differ

with respect to mean productivity (b) the mean productivity is same for the

different machines.

Machine Type
Workers A B C Total
1 20 28 26 74
2 22 30 32 84
3 26 32 10 76
4 32 24 24 76
Total 100 110 100 310
G—Z = 3107 = 8008.3
N 12

Sum of Squares between machine types

100)? + (110)? + (100)*> G2
oo _ (10002 +(110)% + (100)2 _G?

4 N
= 16.67
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= 1 =
Sum of Squares between workers
(74)% + (84)% + (76)*> + (76)* G?

R= —
SS 3 N

= 19.67

Total Sum of squares

SST = ZZX‘JZ__

=[(20)% + (22)%2 + (26)? + (32)%2 + (21)? + (30)% + (32)%2 + (20)? + (26)% + (32)?
2
+ (18)? + (24)?] — —

N
= 283.67 _— =
Source of Sum of Degree of Mean Computed
Variation Squares Freedom Squares F
Between 16.67 2 MSC = 8.34 _ 834
machine 41.22
=.202
Between 19.67 3 MSR = 6.56 F 656 |
workers 41.22
=.159
Residual 247.33 6 MSE = 41.22
Total: 283.67 11 //
/ _—

\%Mamj v, = 6 at 5% level of significance is F,,s = 4.76. Since the

computed value of F = .159 which is less than the table value, therefore we accept
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our null hypothesis. Hence, the difference is insignificant and we can infer that the

rs do not differ with respect to mean productivity.

(b) Edr vi = 2 and v, = 6 at 5% level of significance is F,,s = 5.14. Since the
computed value of F = .202 which is less than the table value, therefore we accept
our null hypothesis. Hence, the difference is insignificant and we can infer that the

mean productivity is same for the different machines.
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