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External Work and Strain Energy

Energy methods are based on the conservation of
energy principle, which states that the work done by all the
external forces acting on a structure, is transformed into
internal work or strain energy, which is developed when the
structure deforms. If the material’s elastic limit is not
exceeded, the elastic strain energy will return the structure
to its un deformed state when the loads are removed. The
conservation of energy principle can be stated
mathematically as Ue = Ui

Before developing any of the energy methods based on
this principle, however, we will first determine the external
work and strain energy caused by a force and a moment.
The formulations to be presented will provide a basis for
understanding the work and energy methods that follow
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External Work—Force. When a force F undergoes a displacement
dx in the sarne direction as the force., the work done is dU . — F dx. If the
total displacement is x, the work becomes

U, = f F dx (9—2)
O

Consider now the effect caused by an axial force applied to the end of a
bar as shown in Fig. 9—-1a. As the magnitude of F is gradually increased from
zero to some limiting value F = F. the final elongation of the bar becomes
A. If the material has a linear elastic response, then F = (FP/A)x.
Substituting into Eq. 9-2. and integrating from O to A, we get

U, = 1ipPA (9—-3)

which represents the shaded rriangular area in Fig. 9—1a.

We may also conclude from this that as a force is gradually applied to
the bar, and its magnitude builds linearly from zero to some value FP. the
work done is equal to the average force nzagnt;t___g_:thgghﬂ(_vP_/zl times the
displacement (A). N |
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Strain Energy—Axial Force. When an axial force N is applied
gradually to the bar in Fig. 9-3, it will strain the material such that the
external work done by N will be converted into strain energy, which is
stored in the bar (Eq. 9-1). Provided the material is linearly elastic,
Hooke's law is valid, ¢ = Ee, and if the bar has a constant cross-
sectional area A and length L, the normal stress is o = N/A and the
final strain is € = A/L. Consequently, N/A = E(A/L), and the final
deflection is

NL
K 98
T (9-3)

Substituting into Eq. 9-3, with P = N, the strain energy in the bar is
therefore

Ui=i—: (9-9)
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Strain Energy—Bending. Consider the beam shown in Fig. 9—4a,
which is distorted by the gradually applied loading P and w. These loads
create an internal moment M in the beam at a section located a distance
x from the left support. The resulting rotation of the differential element
dx, Fig. 9—4b. can be found from Eq. 82, that is, d80 = (M/EIl) dx.
Consequently, the strain energy., or work stored in the element, is
determined from Eq. 96 since the internal moment is gradually
developed. Hence,

adu; = (9-10)
The strain energy for the beam is determined by integrating this result
over the beam’s entire length .. The result is

L 2
M- dx
U; = —_— 9-11

(a) (b)
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@.2 Principle of Work and Energy

Now that the work and strain energy for a force and a moment have
been formulated, we will illustrate how the conservation of energy or the
principle of work and energy can be applied to determine the displacement
at a point on a structure. To do this, consider finding the displacement A
at the point where the force P is applied to the cantilever beam in
Fig. 9-5. From Eq. 9-3. the external work is U, = %PA. To obtain the
resulting strain energy, we must first determine the internal moment as a
function of position x in the beam and then apply Eq. 9-11. In this case
M = —Px, so that

“M2ax ["(—Px)’dx 1 P2

u. — [ Max 1
= ot 2ET T s 2ET 6 EI

Equating the external work to internal strain energy and solving for the
unknown displacement A, we have

Ue ZU,'
1 PPL?
2 N E
PL?
A —

- 3E1
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Virtual work

The principle of virtual work was developed by John Bernoulli in 1717
and is sometimes referred to as the unit-load method. It provides a
general means of obtaining the displacement and slope at a specific

point on a structure, be it a beam, frame, or truss.

Deformable structure of any shape or size and apply a
series of external loads P to it, it will cause internal
loads u at points throughout the structure. It is
necessary that the external and internal loads be
related by the equations of equilibrium. As a
consequence of these loadings, external
displacements will occur at the P loads and internal
displacements will occur at each point of internal
load u. In general, these displacements do not
have to be elastic, and they may not be related to the
loads; however, the external and internal
displacements must be related by the compatibility of
the displacements.

Apply real loads Py, P>, P5

(b)
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2 PA = Sud
Work of Work of (9-12)
External Loads Internal Loads

Based on this concept, the principle of virtual work will now be
developed. To do this, we will consider the structure (or body) to be of
arbitrary shape as shown in Fig. 9-6b.* Suppose it is necessary to
determine the displacement A of point A on the body caused by the
“real loads” Py, P, and P,. It is to be understood that these loads cause
no movement of the supports; in general, however, they can strain the
material beyond the elastic limit. Since no external load acts on the body
at A and in the direction of A, the displacement A can be determined by
first placing on the body a “virtual” load such that this force P’ acts in the
same direction as A, Fig. 9-6a. For convenience, which will be apparent
later, we will choose P’ to have a “unit™ magnitude, that is, P’ = 1. The
term “virtual™ is used to describe the load, since it is imaginary and does
not actually exist as part of the real loading. The unit load (P’) does,
however, create an internal virtual load u in a representative element or
fiber of the body, as shown in Fig. 9-6a. Here it is required that P’ and u
be related by the equations of equilibrium.’
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@.4 Method of Virtual Work: Trusses

We can use the method of virtual work to determine the displacement
of a truss joint when the truss is subjected to an external loading,
temperature change, or fabrication errors. Each of these situations will
now be discussed.

External Loading. For the purpose of explanation let us consider
the vertical displacement A of joint B of the truss in Fig. 9-7a. Here a
typical element of the truss would be one of its members having a length
L, Fig. 9-7b. If the applied loadings P; and P, cause a linear elastic
material response, then this element deforms an amount AL = NL/AE,
where N is the normal or axial force in the member, caused by the loads.
Applying Eq. 9-13, the virtual-work equation for the truss is therefore

Apply virtual unit load to B
(a)

nNL
1-A = 9-15
2B (9-15)
Apply real loads Py, P> where
(b) 1 = external virtual unit load acting on the truss joint in the stated

direction of A.

Njo, O— - . .
el n = internal virtual normal force in a truss member caused by the

external virtual unit load.

external joint displacement caused by the real loads on the truss.
internal normal force in a truss member caused by the real loads.
length of a member.

cross-sectional area of a member.

modulus of elasticity of a member.

e~ 2P
Il
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: Procedure for Analysis

The following procedure may be used to determine a specific
displacement of any joint on a truss using the method of virtual
work.

Virtual Forces n

® Place the unit load on the truss at the joint where the desired
displacement is to be determined. The load should be in the
same direction as the specified displacement, e.g., horizontal or
vertical.

® With the unit load so placed. and all the real loads removed from
the truss. use the method of joints or the method of sections and
calculate the internal n force in each truss member. Assume that
tensile forces are positive and compressive forces are negative.

Real Forces N

* Use the method of sections or the method of joints to determine

the NN force in each member. These forces are caused only by

L the real loads acting on the truss. Again, assume tensile forces are
positive and compressive forces are negative.
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Virtual-Work Equation

Apply the equation of virtual work, to determine the desired
displacement. It is important to retain the algebraic sign for each
of the corresponding n and N forces when substituting these
terms into the equation.

If the resultant sum ~n/NL/AE is positive, the displacement A is
in the same direction as the unit load. If a negative value results,
A is opposite to the unit load.

When applying 1-A = Zna ATL, realize that if any of the
members undergoes an increase in temperature, AT will be
positive, whereas a decrease in temperature results in a negative
value for AT.

For1-A = Xn AL, when a fabrication error increases the length of
a member, A L is positive, whereas a decrease in length is negative.

When applying any formula, attention should be paid to the units
of each numerical quantity. In particular, the virtual unit load can
be assigned any arbitrary unit (lb, kip, N, etc.), since the n forces
will have these same units, and as a result the units for both the
virtual unit load and the n forces will cancel from both sides of the
equation.
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~ Determine the vertical displacement of joint C of the steel truss shown

in Fig. . The cross-sectional area of each member is A = (.5 in’
and E = 29(10°) ksi.
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~ SOLUTION

Virtual Forces n.  Only a vertical 1k load is placed at joint C, and _-03mk

the force in each member 1 calculated using the method of joints. The Y
results are shown in Fig, 9-8b. Positive numbers indicate tensile forces @,/ % ‘,ﬁ //7 \ o
and negative numbers indicate compressive forces. />// \ \" 4

Real Forces N. The real forces in the members are calculated using (/0 - C/

the method of joints. The results are shown in Fig. 9-8c. 0667k ] 0667k
033k -

_“./

VirtualWork Equation. Arranging the data in tabular form, we have

virtual forces n




Structural Analysis & Design |

—4k

£ "o Baix &

1k 1 4k 1 4k f

4k 4k 4k 4k

real forces N

(c)
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~N . ,7 —4 k
e o IS P 5 N
QO ' o AR A IR
D = X 1 N &7 et
= = A 1k SR D kK & 32
- & | | Qi‘f\ g 70 4k \\‘?3:4
> // / t:_/ = o \,\\\ //';, 57 /}_,; o \.\,i“\_\
| . f 0333 k 0.667 k l 0.667 k T 4G - SN
| 0333 k 1k 0.667 k. 1 K X 1 Tk T
) 4k 4k 4k 4k
virtual forces n
(b) real forces N
(c)
Member n (k) N (k) L (fv) niNL (k2 - ft)
AR 0.333 4 10 13.33
BC 0.667 4 10 26.67
) 0.667 4 10 26.67
D F —0.943 —5.66 14.14 75.42
FF —0.333 —4 10 13.33
=B —0.471 O 14.14 O
BF 0.333 4 10 13.33
AF —0.471 —5.66 14.14 L A7 g
CF 1 4 10 40
>=246.47
nNI. 246.47 kZ - ft
Thus 1 k= A = _— =
Cv > AE AE

Converting the units of member length to inches and substituting the

numerical values for .4 and . we have

1k-Ac,

Ac

'S

(246.47 k2 - ft)(12 in./ft)

(0.5 in?)(29(10}) k/in?%)

0.204 1n.

ArsS.
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In 1879 Alberto Castigliano, an Italian railroad engineer,
published a book in which he outlined a method for
determining the deflection or slope at a point in a
structure, be it a truss, beam, or frame.

This method, which is referred to as Castigliano’s
second theorem, or the method of least work, applies only
to structures that have constant temperature, unyielding
supports, and linear elastic material response. The
displacement of a point is to be determined, the theorem
states that it is equal to the first partial derivative of the
strain energy in the structure with respect to a force acting
at the point and in the direction of displacement.
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To derive Castigliano’s second theorem, consider a
body (structure) of any arbitrary shape which is subjected
to a series of n forces. Since the external work done by
these loads is equal to the internal strain energy stored
In the body, we can write.

Ui = Ue
Now, if any one of the forces, say P is increased by a
differential amount dPi the internal work is also increased
such that the new strain energy becomes

U ,
Ui + dU; = Uy + —LdP, (9-18)
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C

This value, however, should not depend on the sequence in which the n
forces are applied to the body. For example, if we apply d P; to the body first,

~ then this will cause the body to be displaced a differential amount dA; in
~ the direction of dP By Eq. 9-3 (U = lPA) the increment of strain

energy would be ,dP dA;. This quantity, however, is a second-order
differential and may be neglected Further application of the loads P, P,
, P,, which displace the body Ay, A,, ..., A,, yields the strain energy.

U; + dU; = U; + dP;A; (9-19)

Here, as before, U; is the internal strain energy in the body, caused by the
loads Py, P,, ..., P,,and dU; = dP;A,; s the additional strain energy caused
by dP;. (Eq.94,U, = PA'))

In summary, then, Eq. 9-18 represents the strain energy in the body
determined by first applying the loads Py, P,, ..., P,, then dP;, and
Eq. 9-19 represents the strain energy determined by first applying d P; and

then the loads P, P,, ..., P,. Since these two equations must be equal,
we require
alU;

Ai N r')P,'

(9-20)
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- Castigliano’s Theorem for Trusses

( The strain energy for a member of a truss is given by Eq. 9-9,
U; = N?’L/2AE. Substituting this equation into Eq. 9-20 and omitting
the subscript i, we have

a NZL
A =
aP E 2AFE

It is generally easier to perform the differentiation prior to summation.
In the general case L. A, and E are constant for a given member, and
therefore we may write

oN\ L ,
o EN(E;P)AE (=0
where
A = external joint displacement of the truss.
P = external force applied to the truss joint in the direction of A.

N = internal force in a member caused by both the force P and the
loads on the truss.

= length of a member.

cross-sectional area of a member.

o>~
|

= modulus of elasticity of a member.
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| Procedure for Analysis

C The following procedure provides a method that may be used to
determine the displacement of any joint of a truss using Castigliano’s
1 theorem.

External Force P

® Place a force F on the truss at the joint where the desired
displacement is to be determined. This force is assumed to have a
variable magrnitude in order to obtain the change a N /o FP. Be sure
P is directed along the line of action of the displacement.

Internal Forces N

= Determine the force N in each member caused by both the real
(numerical) loads and the variable force P. Assume tensile forces
are positive and compressive forces are negative.

* Compute the respective partial derivative N/ FP for each
member.

* After N and N /oFP have been determined. assign £ its numerical
value if it has replaced a real force on the truss. Otherwise. set P
equal to zero.

Castigliano’s Theorem

* Apply Castigliano’s theorem to determine the desired
displacement A. It is important to retain the algebraic signs
for corresponding values of N and aN/aFP when substituting
these terms into the equation.

® If the resultant sum =N (aN/jaP)I./J AF is positive. A is in the
same direction as FP. If a negative value results, A is opposite to F.
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4 m

Determine the vertical displacement of joint C of the truss shown in
Fig. 9-11a. The cross-sectional area of each member is A = 400 mm?

and £ = 200 GPa.

SOLUTION

External Force P. A vertical force P is applied to the truss at joint C,
since this is where the vertical displacement is to be determined,
Fig. 9-11b.

Internal Forces N. The reactions at the truss supports at A and B
are determined and the results are shown in Fig. 9-11b. Using the
method of joints, the N forces in each member are determined.
Fig. 9-11¢.* For convenience, these results along with the partial
derivatives aN /a P are listed in tabular form as follows:

- R
\\‘*B
4 m 4m |



I)
'C/i,‘{\ = 4 kKN
3m P 4 i I e x>
4 kN <_LA.1;-/;‘-'—'-'-/"—"/ —_— B
| 4 m ! 4 m f
0SP — 1.5 kN 0.SP + 1.5 kN

(b)

JN’,[}I = 0_667P = 2 kN
O.5P + 1.5 kN

(c)
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p
l aN aN
| /E —»- 4 kN Member N ap N (P =0) L N(E-F-;)L
/f// ] &
; Im // ‘ RN AB 0.667P + 2 0.667 2 8 10.67
1 | W 4 \\\ AC —(0.833P — 25) —0.833 2.5 5 -1042
4 kN = > B I
i [ 4 BC —(0.833P + 2.5) —0.833 -25 5 10.42
I 4 m T 4m I
2 =1067kN‘m
05P - 15kN 0.5P + 1.5kN

Since P does not actually exist as a real load on the truss, wk require
P = 0in the table above.

Castigliano’s Theorem. Applying Eq. 9-21, we have
aN

Ac = M N
.= 2 (aP)

Substituting A = 400 mm’ = 400(10°*) m?>,  E =200 GPa =
200(10”) Pa, and converting the units of N from kN to N, we have

10.67(10°) N-m
400(107%) m(200(10”) N/m?)

L  1067kN-m
AE AE

Ac, = = 0.000133 m = 0.133 mm

Ans.
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Determine the vertical displacement of joint C of the truss shown in
Fig, 9-130. Assume that A = 0.5in*and E = 29(10") ksi,

SOLUTION

External Force P. The 4-k force at C is replaced with a variable
force Pat joint C, Fig, 9-13b.

Internal Forces N, The method of joints is used to determine the

10f force N 1n each member of the truss, The results are summarized in
WD

Fig, 9-13b. Here P = 4k when we apply Eq. 9-21. The required
data can be arranged in tabulated form as follows:
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y e O
i / %—J P -

Al I oD
fos.uw ’60‘.1 0.667P + 1.3 1?)66:P~ 133\1

0.333P+2.667Tk 4k P 0.667P+1.333k
(b)
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aN aN
Member N P N(P=4k) L N( P)L

AB 0.333P + 2.667 0.33 4 10 13.33
BC 0.667P + 1.333 0.667 4 10 26.67
cD 0.667P + 1.333 0.667 4 10 26.67
DE —(0.943P + 1.886) —0.943 —5.66 14.14 7542
EF —(0.333P + 2.667) —0.333 —4 10 13.33
FA —(0471P + 3.771) —0.471 —5.66 1414 37.71
BF 0.333P + 2.667 0.333 4 10 13.33
BE —0.471P + 1.886 —0.471 0 14.14 0
CE P 1 4 10 40

2 =24647k-ft

F_(0333P + 2667

ip "; Castigliano’s Theorem. Substituting the data into Eq. 9-21, we

» 2 & SR ,& have
A A : %G
romm ?66710667P+ T _ SN aN) L 24647k -ft
aP ) AE — AE
0.333P+2.667k 4k P 0667P+1.333k
(b) Converting the units of member length to inches and substituting the
Fie. 9-13 numerical value for AE, we have

(246.47 k - ft) (12 in./ft)
Ac = . = 0204 in. Ans
* (0.5in2)(29(10°) k/in?)

The similarity between this solution and that of the virtual-work
method, Example 9-1, should be noted.
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Assignment: 2
Determine the horizontal displacement of joint D.

Assume the members are pin connected at their end points.
AFE 1s constant. Use the method of virtual work, and Castigliano
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. Assignment: 3

P Determine the vertical displacement of joint A.

- Assume the members are pin connected at their end points.
Take A = 2in’and E = 29 (10°) for each member. Use the
method of virtual work. and castigliano’s theory.
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1

e

i T —
= VL L (-2.00)(-200)8) + (2.236)(2236)(8.944) + (2.236)(2.795)(8.94
Ay =D 5 = JE2("200)(-200)(8) + (2236)(2.236)(89M) + (2236)(2795)(8.944)
o e | \ns
= ooae - in. Ans.
»
— A
3H 8t

G

I K

y

05Kk

-l

B ft

AW YTy Iy |8 zoox(uf’
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Determine the vertical displacement of joint A if
members AB and BC experience a temperature increase of
AT = 200°F. Take A = 2in”* and E = 29(10°) ksi. Also,
a = 6.60 (107 °)/°F.




Notice that only the member undergoing
increase in length due to temperature change
is considered during calculation

. W EnaATL = (—2)(6.60)(107%)(200)(8)(12) + (—2)(6.60)(107°)(200)(8)(12)

= —0.507 in. = 0.507 in. 1 Ans.

¢ 8r T Brft |
i Ky


Notice that only the member undergoing increase in length due to temperature change is considered during calculation
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Determine the vertical displacement of joint A if
< member A FE is fabricated (.5 in. too short.

I 8k e |
R
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Assignment 4 (9.3, Hibbeler)




¢ m Method of Virtual Work:

' Beams and Frames

" The method of virtual work can also be applied to deflection problems

v involving beams and frames Since strains due to bending are the primary

r cause of beam or frame deflections, we will discuss their effects first.

Apply virtual wsit load to polnt A Deflections due to shear, axial and torsional loadings. and temperature
(1) will be considered in Sec. 9-8.

" The principle of virtual work, or more exactly, the method of virtual
force, may be formulated for beam and frame deflections by considering
ax the beam shown in Fig. 9-14b. Here the displacement A of point A is to
-------- be determined. To compute A a virtual unit Joad acting in the direction

of A is placed on the beam at A, and the intemnal virtual momen! m is
a9 determined by the method of sections at an arbitrary location x from the
o 2% left support, Fig. 9-14a. When the real loads act on the beam, Fig, 9-14b,
ﬂ - point A is displaced A. Provided these loads cause linear elastic matertal
4 response, then from Eq. 8-2, the clement dx deforms or rotates
L v dd = {M/El) dx.* Here M is the internal moment at x caused by the
n real loads. Consequently, the external virtual work done by the unit load
is 1*A, and the internal virtual work done by the moment m is
mdf = m(M/EI) dx. Summing the effects on all the elements dx along
(b) the beam requires an integration, and therefore Eq. 9-13 becomes

L
l-A-l-"ﬁn (9-22)

Apply real load w

El
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] S

(9-22)

where

1 = external virtual unit load acting on the beam or frame in the
direction of A.
m = internal virtual moment in the beam or frame, expressed as a
function of x and caused by the external virtual unit load.
A = external displacement of the point caused by the real loads
acting on the beam or frame.
M = internal moment in the beam or frame, expressed as a function

Apply virtual unit couple moment to point A

('a)w of x and caused by the real loads.
= E = modulus of elasticity of the material.
W I = moment of inertia of cross-sectional area, computed about the
PR ; neutral axis.
—x— 3

In a similar manner, if the tangent rotation or slope angle # at a point A on
the beam’s elastic curve is to be determined, Fig. 9-15, a unit couple moment
is first applied at the point, and the corresponding internal moments my
have to be determined. Since the work of the unit couple is 1-6, then

' I)M
| h 1 0 / 2 d () 73
X { g = oD
0 El 0 ( -—)

Apply real load w

*Recall that if the material is strained beyond its elastic limit, the principle of virtual
Fig. 9-15 work can still be applied, although in this case a nonlinear or plastic analysis must be used.
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N

Sign Convention. Before presenting a method for finding the internal
normal force. shear force. and bending moment. we will need to establish
a sign convention to define their “positive” and “negative™ wvalues.™
Aldthough the choice is arbitrary, the sign convention to be adopted here
has been widely accepted in structural engineering practice. and is
illustrated in Fig. 4-1a. On the [lefi-hand face of the cut member the
normal force N acts to the right. the internal shear force V acts
downward, and the moment M acts counterclockwise. In accordance
with Newton’s third law, an equal but opposite normal force, shear force.
and bending moment must act on the right-hand face of the member at
the section. Perhaps an easy way to remember this sign convention is to
isolate a small segment of the member and note that positive normal
Jorce tends 1o elongate the segment, Fig 410 positive shear tends o rolate
the segment clockwise, Fig. 4-1c; and positive bending moment tends (o
bend the segmernt concave upward, so as to “hold water,” Fig. 4-14d.

(a)

Fig. 4-1
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(_ Table for Evaluating

L
m m' dx

parabola
0 L L
L L
2
m mm’L ;mm'l, sm(mj + m3)L Qmm'L
L
/ ! ‘I 34 1 ' 4+ 2m - o
- m Smm 4 ?mm 5 zm(ml + 2mj3) L Emm L
L
Aoy I Ao 2m)1 1 n ! Tk 5 I
my "y 2m (m; + my)L i (my + 2Zm;)L 6[”’1(""1 + m;) ﬁ[m (3my + Smy)|L
L + m5(m; + 2my)|L

7

1 1 1 1 3a
= 5mm'L Emm'[l. + a) —m[mi(L + b) + anz'(l i —;—;—)L
P : ool Sl e
-~ L
" : 1 ' 1 ’ L ' ! "
5 mm L Zmm L Fm(2mi + m3) L 7 mm L
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1
F 24 C D

]

Apply virtual unit load

(a)

ream—— " uéé
lﬁ-"z ! I l-1’4-

Apply real loads

(b)




Structural Analysis & Design |

Virtual Moments m or mu

* Place a unit load on the beam or frame at the point and
in the direction of the desired displacement.

* If the slope is to be determined, place a unit couple
moment at the point.

« Establish appropriate x coordinates that are valid within
regions of the beam or frame where there is no
discontinuity of real or virtual load.

 With the virtual load in place, and all the real loads
removed from the beam or frame, calculate the internal
moment m or as a function of each x coordinate.

« Assume m or acts in the conventional positive direction
as indicated in Fig. 4-1.
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Real Moments

» Using the same x coordinates as those established for m or my,
determine the internal moments M caused only by the real loads.

* Since m or my was assumed to act in the conventional positive
direction. it is important that positive M acts in this same direction.
This is necessary since positive or negative internal work depends
upon the directjonal sense of load (defined by £m or +my) and
displacement (defined by + M dx/ET).

Virtual-Work Equation

* Apply the equation of virtual work to determine the desired
displacement A or rotation 6. It is important to retain the algebraic
sign of each integral calculated within its specified region.

» If the algebraic sum of all the integrals for the entire beam or
frame is positive, A or 8 is in the same direction as the virtual unit
load or unit couple moment, respectively. If a negative value results,
the direction of A or 6 is opposite to that of the unit load or unit
couple moment.
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. Determine the slope 6 at point B of the steel beam shown in
( Fig. 9-18a.Take E = 200 GPa, I = 60(10°) mm®.
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| kNm :‘?‘
'/I Cle
A e Q:) | ' 1 ) my, =0
AR
e |
! . | | X2 | 12 ! ' ’
| kKN-m
e \
K : ) mg, = 1
V2

7|

; -
| i | X |

virtual unit couple
(b)

Virtual Moment (m)

The slope at B is determined by placing a virtual unit couple moment
of at B, Fig. 9-18b. Here two x coordinates must be selected in order to
determine the total virtual strain energy in the beam. Coordinate accounts
for the strain energy within segment AB and coordinate accounts for that
in segment BC. The internal moments within each of these segments are
computed using the method of sections as shown in Fig. 9-18b.
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kN 3kN
0
l B Clo Y
— A
A iﬁ ;"A 1 ) M, =-3x,
e ] ;- N
l ! v ' 4 : real load
3kN
M,=-3(5+x,)
Y B 1 )
Sm [ I: v:

(c)
Real Moments M. Using the same coordinates x, and x,, the internal
moments M are computed as shown in Fig. 9-18c.
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kN
o

),,,ozg j B

0

o 0

- ,
| L

!

—]

| = | 5T

- K

virtual unit couple

(b)

Virtual-Work Equation. The slope at B is thus given by

{0 / ngM q
. f— 't
B~ ), EI

a |
1Ll
ol |
I

El El

~112.5kN - m?
El

= /5(0)(—3x1)dx1+ /5(1)[_3(5“2)](“2
0 0

(1)

JkN

;j ) M1=-3.\’]

—Xl—-‘vl

real load
JkN
My =-3(5+1x)
B
E : ll )
Sm 5 %
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(1)

- We can also evaluate the integrals [ mgM dx graphically, using the

table given on the inside front cover of the book. To do so it is first
necessary to draw the moment diagrams for the beams in Figs. 9-18b
and 9-18c. These are shown in Figs. 9-18d and 9-18e, respectively.
Since there is no moment m for 0 = x < 5 m, we use only the shaded
rectangular and trapezoidal areas to evaluate the integral. Finding
these shapes in the appropriate row and column of the table, we have

10
f meM dx = 3mg(My + My)L = 3(1)(~=15 - 30)5
= —1125kN*- m’
This is the same value as that determined in Eq. 1. Thus,

- ~112.5 kN> m’
200(10°) kN/m?[60(10°) mm*)(10™"> m*/mm*)
Bp = —0.00938 rad Ans.

(1kN-m)- 6,

The negative sign indicates 8 is opposite to the direction of the virtual
couple moment shown in Fig. 9-18b.

mg (kN-m)

1

5 10 )

(d)

M (kNm)

5 10 £ (m)

-15
-30

()
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5.8 Examples using Virtual Work Method
Example 3: Calculate the rotation at B and the deflection at C, I is constant
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Example 7: The frame below has the following material and geometrical properties: A= 13 in”, I= 600 in* and
E= 29000 ksi.

a- Determine the horizontal displacement of point C due to the axial and flexural forces

b- Calculate the slope at point D due to flexural forces only

7 k/ft
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() Determine the horizontal displacement of point C on the frame
shown in Fig. 9-20a. Take E = 29(10%) ksi and 7/ = 600 in* for both
members.

B )
S C
- ] ’b”‘
e l
— o — X —
e
— >
— =
— =
4kt
A 10 fi
—
TE
— =
Xy
,L 1A




M, = 25x
N,
O
) 25k
| 8 ft |
(.
b 25k
M|=401'|—2.t| | :
N, b
\ 40kﬁ">1|
[Ty | |
=Y, Lo T
X
’ A ] e
4x X |
i e i
40 kel 40k<-‘—I
L ]
25k 25k
real loadings
200 k - ft
pm k- ft \
3 ft
10 ft

10

1 k-

1.25k

n; 46-?1:—»1 k
f—r,
125k
= 1 k
| 81t 1+
125k

_1

1.25k

virtual loadings

10 k-ft

10 k-ft

~—_—

Sft

10 ft
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I.I'l

/ mM dx = 3(10)(200)(10) + (10)(200)(8)

o

= 8333.3 + 53333 = 13 666.7 k*- ft’
This is the same as that calculated in Eq. 1. Thus

B 13 666.7k - ft’
©[29(10%) k/ind((12)? in%/£2)][600 in(ft/(12)" in)]

= 0113 ft = 1.361n. Ans,

Ac,

10 k-ft

200 k- ft

R 1t Sft

10 ft 10 f¢
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Determine the horizontal displacement of point C on the frame
shown in Fig. 9-25a. Take E = 29(10°)ksi, G = 12(10°) ksi,
I = 600in*, and A = 80 in” for both members. The cross-sectional
area is rectangular. Include the internal strain energy due to axial load
and shear.

4k/ft[
] 10 ft

—
{]
AN

(a)
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SOLUTION
Here we must apply a horizontal unit load at C. The necessary

free-body diagrams for the real and virtual loadings are shown in
Figs. 9-25b and 9-25c¢.

— N 2~

m, = 1.25x, l‘vz = —1_25‘, ‘Nz —0l E f l
=1 ] k ‘ | |-—X241
L 2

5k
-+ B —1 k == ]
l' A I (
[ 8 ft : T
125k i 25k
|
|
N] =25 :
" M =40n-2¢2  § 40 k—to> |
i FISVi=40—4x
== 1
20T B
4XIT»| xl |
R |
I 40 k<4—1 40 k<_1 —
125k 125k 25k 25k
virtual loadings real loadings

(b) (c)
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Bending. The virtual strain energy due to bending has been deter-
mined in Example 9-10. There it was shown that

= 1.357 in.-k

LM dx  13666.7K2-f63 13 666.7 k2« ft> (123 in/1 £t°)
U = - 3\ L /12 . 2
o EI El [29(10°) k/in*](600 in*)
Axial load. From the data in Fig. 9-25b and 9-25¢, we have

nNL
U, = 2 AE

1.25 k(25 k)(120 in.) 1k(0)(961n.)
80 in2[29(10°) k/in] 80 in[29(10°) k/in?]

= 0.001616 in. - k
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Shear. Applying Eq. 9-25 with K = 1.2 for rectangular cross
sections, and using the shear functions shown in Fig. 9-25b and 9-25c,
we have

} &
vV
U. = K\ — ) d>
. A (GA X

/1"1.2(1)(40 — 4x,) dx; /81.2(—1.25)(—25) dx,
_.|_
o GA o GA
540 k? - ft(12 in./ft)

== = 0.00675 in. - k
[12(10%) k/in?](80 in?)

Applying the equation of virtual work, we have

1k-A¢, = 1357 1n.-k + 0.001616 in. -k + 0.006751in.-k

A, =187, Ans.

Including the effects of shear and axial load contributed only a 0.6%
increase in the answer to that determined only from bending.
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9.9 Castigliano’s Theorem for Beams
u and Frames

The internal bending strain energy for a beam or frame is given by
Eq. 9-11 (U; = [ M? dx/2EI). Substituting this equation into Eq. 9-20
(A; = aU;/oP;) and omitting the subscript 7, we have

A o L A2 dx
oP Jo ZET

Rather than squaring the expression for internal moment M, integrating,
and then taking the partial derivative, it is generally easier to differentiate
prior to integration. Provided E and 7 are constant, we have

y 2
oM \ dx
A = Al 9-28
l (aP ET ( )
where
A = external displacement of the point caused by the real loads

acting on the beam or frame.

external force applied to the beam or frame in the direction of A.

internal moment in the beam or frame, expressed as a function of
x and caused by both the force P and the real loads on the beam.

modulus of elasticity of beam material.

~ O R N
I

moment of inertia of cross-sectional area computed about the

- neutral axis,
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ey e
—

If the slope 0 at a point is to be determined, we must find the partial
C derivative of the internal moment M with respect to an external couple
- moment M' acting at the point, 1.e.,

L
oM \ dx
0_/0M(8M’>EI (9-29)

The above equations are similar to those used for the method of
virtual work, Egs. 9-22 and 9-23, except M /dP and aM /oM’ replace m
and my, respectively. As in the case for trusses, slightly more calculation
is generally required to determine the partial derivatives and apply
Castigliano’s theorem rather than use the method of virtual work. Also,
recall that this theorem applies only to material having a linear elastic
response. If a more complete accountability of strain energy in the
structure is desired, the strain energy due to shear, axial force, and
torsion must be included. The derivations for shear and torsion follow
the same development as Egs. 9-25 and 9-26. The strain energies and
their derivatives are, respectively,
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| i
( 00 A B ¢
%9-32, Solve Prob. 9-31 using Castighano’s theorem. A - )
(Io?ﬁ I,z = 500in.* ’ Ipc =200 1n. 50 k-ft
E 6 1t 3 —
: . " ()M} ()M‘)
For the slope, the moment functions are shown in Fig. a. Here, — = — = -1,
oM' oM’
Also,set M' =50k - ft, then M, = M, = -50k - ft.
Thus, =M
= M M,=-M
- /LM< ﬂ ) dx _ /'-‘ "_50(~1)dx i /" "_50(~1)dx g )
o \IM'JEI ),  Elg o Elgp M’ M’
_ 150k 300k L x"’ﬁL x'ﬁ'
Bl Ely est 3f

o 150(12) k- in® ; 300(12%) k +in’
[29(10°k/ind))(200in%)  [29(10) k/in2](500 in’)

= 0.00670 N Ans.
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- -—-—-“' -

M,
For the displacement, the moment functions are shown in Fig, b. Here, —

oP
dM?
and i =(xy + 3).Also,set P=0,then M; = M, = =30k« {t. Thus,
d

- / M(r)M)d /”‘(—50)(-,1')(1‘\' ; /"“(-50)[—(x2 3y
PJEI Elye 0 Els

05k 1f . 1800 k £t
Elje  Elygy

205(12)) k+in’ 1800(12*) k+in’

+
[29 10%) k/in’)200in")  [29(10°) K /in’) (500 in')
= (282in|

i §

M,=-[Pe+3)#50]

Ans,
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O

6 k
9-30. Solve Prob. 9-29 using Castigliano’s theorem.
| A YB C N\ 12 k-ft
- —
6 ft 6 ft !
. o oM, |
For the slope, the moment functions are shown in Fig. a. Here, M’ = —1 and
oM
aM? = —1.Also,set M’ = 12kft,then M; = —12k- ft and
M2 = _(6XZ 0 12)k‘ft.ThUS,
L ; 6 ft 6 ft
oM \d —12)(—1 —(6x; + 12(-1
ecsz(, ’>_x:/( ) )dx2+/ (6x2 + 121 |
0 oM’ JEI 0 ET 0 ElI
252 k=1t> 252(12%) k - in?
0, = ———— = q( ,)2 —- = 0.00156 rad X
El [29(10° k/in“](800 in®)
ek
, M’z—féxz:"’“jl ~ M=—M"
36+M’ ZM’
+M |’ o -
Ok I o ft G Pt
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oM
For the displacement, the moment functions are shown in Fig. b. Here, ?Pl = —X
IM :
and()Pz = —(x, + 6).Alsoset, P=0,then M; = —12k-ft and
C
M, = —(6x, + 12) k- ft. Thus,
L 6 ft 6 ft ,
oM \d —12)¢—x% —(6%5 + 12)|—(x5 +6
g /(_)gz / (—12)( l)dx1+/ (63, + 1D =(x2 + 6)]
o \oP JEI 0 EI 0 EI
1944 k- £t
ET
1944(12%) k - in® ,
= ———~ = (.145in |
[29(107) k/in“](800 in™)
(M, = —[PC#6) +cx.+r=] P
P+6 1 s M = —CHBc+r2))|
( \TL D/z k-ft
4SSt I2ZpP
S Ft S fx
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