
Structural Analysis & Design I

Energy methods are based on the conservation of 
energy principle, which states that the work done by all the 
external forces acting on a structure, is transformed into 
internal work or strain energy, which is developed when the 
structure deforms. If the material’s elastic limit is not 
exceeded, the elastic strain energy will return the structure 
to its un deformed state when the loads are removed. The 
conservation of energy principle can be stated 
mathematically as Ue  =  Ui

Before developing any of the energy methods based on 
this principle, however, we will first determine the external 
work and strain energy caused by a force and a moment. 
The formulations to be presented will provide a basis for 
understanding the work and energy methods that follow

External Work and Strain Energy



 Stress-Strain Diagram      

Strain (    ) (ΔL/Lo)

41

2

3

5

St
re

ss
  (

F/
A

)

Elastic 
Region

Plastic
Region

Strain
Hardening Fracture

ultimate
tensile 
strength

Sl
op

e=
E

Elastic region
  slope =Young’s (elastic) modulus
  yield strength
Plastic region
  ultimate tensile strength
  strain hardening
  fracture

necking

yield
strength



Structural Analysis & Design I



Structural Analysis & Design I



Structural Analysis & Design I



Structural Analysis & Design I



Structural Analysis & Design I

The principle of virtual work was developed by John Bernoulli in 1717 
and is sometimes referred to as the unit-load method. It provides a 
general means of obtaining the displacement and slope at a specific 
point on a structure, be it a beam, frame, or truss.

Virtual work 

Deformable structure of any shape or size and apply a 
series of external loads P to it, it will cause internal 
loads u at points throughout the structure. It is 
necessary that the external and internal loads be 
related by the equations of equilibrium. As a 
consequence of these loadings, external 
displacements will occur at the P loads and internal 
displacements will occur at each point of internal 
load u. In general, these displacements do not 
have to be elastic, and they may not be related to the 
loads; however, the external and internal 
displacements must be related by the compatibility of
the displacements.
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In 1879 Alberto Castigliano, an Italian railroad engineer, 

published a book in which he outlined a method for 
determining the deflection or slope at a point in a 
structure, be it a truss, beam, or frame.

 This method, which is referred to as Castigliano’s 
second theorem, or the method of least work, applies only 
to structures that have constant temperature, unyielding 
supports, and linear elastic material response. The 
displacement of a point is to be determined, the theorem 
states that it is equal to the first partial derivative of the 
strain energy in the structure with respect to a force acting 
at the point and in the direction of displacement.
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To derive Castigliano’s second theorem, consider a 

body (structure) of any arbitrary shape which is subjected 
to a series of n forces. Since the external work done by 
these loads is equal to the internal strain energy stored 
in the body, we can write. 

Ui = Ue 
Now, if any one of the forces, say Pi is increased by a 
differential amount dPi the internal work is also increased 
such that the new strain energy becomes
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Castigliano’s Theorem for Trusses
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    and Castigliano

Assignment: 2 
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    and Castigliano’s theory. 

Assignment: 3
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Notice that only the member undergoing increase in length due to temperature change is considered during calculation
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Assignment 4 (9.3, Hibbeler)
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Virtual Moments m or mu
• Place a unit load on the beam or frame at the point and 
in the direction of the desired displacement.
• If the slope is to be determined, place a unit couple 
moment at the point.
• Establish appropriate x coordinates that are valid within 
regions of the beam or frame where there is no 
discontinuity of real or virtual load.
• With the virtual load in place, and all the real loads 
removed from the beam or frame, calculate the internal 
moment m or as a function of each x coordinate.
• Assume m or acts in the conventional positive direction 
as indicated in Fig. 4–1.
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Virtual Moment (m)
The slope at B is determined by placing a virtual unit couple moment 

of at B, Fig. 9–18b. Here two x coordinates must be selected in order to 
determine the total virtual strain energy in the beam. Coordinate accounts 
for the strain energy within segment AB and coordinate accounts for that 
in segment BC. The internal moments within each of these segments are 
computed using the method of sections as shown in Fig. 9–18b.
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(1xlx(-pl))/2
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