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Example: Analyze the propped cantilever shown by using slope defection

method. Then draw Bending moment and shear force diagram.

Solution: End A is fixed hence 0, =0

End B is Hinged hence 6, 20

Assume both ends are fixed and therefore fixed end moments are
wlL? wlL?

=——, =+
AB 12 BA 12

The Slope deflection equations for final moment at each end are

2El
MAB = FAB +T(26A + eB)

—wLl? 2El
= +—0 -1
12 % @
2El
MBA = FBA +T(293 +9A)
wL? 4El
= +—80 — (2
TR (2)

In the above equations there is only one unknown 6; .

To solve we have boundary condition at B;
Since B is simply supported, the BM at B is zero
ie. Mga=0.
wL®  4El

.. From equation (2) M;, = T +TeB =0

wL®

~Elo, =—
B 48

-ve sign indicates the rotation is anticlockwise



Substituting the value of EI6; in equation (1) and (2) we have end moments

w2 wl® wL? o : : :
My = + ( J—— -ve sign indicates moment is anticlockwise

T 12 L\ 48 8
2 3
MBA:+WL +£ _wL _0
12 L\ 48

Mga has to be zero, because it is hinged.
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Now consider the free body diagram of the beam and find reactions using

equations of equilibrium.
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Problem can be treated as
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The bending moment diagram for the given problem is as below
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The max BM occurs where SF=0. Consider SF equation at a distance of x

from right support

Sy =—§WL+WX=0

.‘.X:§L
8

Hence the max BM occurs at gL from support B

2
M. =M, =§w|_ x %L - %@Lj

9 wlL?

And point of contra flexure occurs where BM=0, Consider BM equation at

a distance of x from right support.

2
M, =§WLX—WX—:O
8 2

.'.X:§L
4

For shear force diagram, consider SF equation from B
Sy=+ g wL —wX

SX:O=SB=+§WL

sX:L:sA:+§wL



Example: Analyze two span continuous beam ABC by slope deflection method.

Then draw Bending moment & Shear force diagram. Take EI constant

100 AN
20 KN/m

A ﬂ, Er:—v—\r-'v"\/— c

T

Solution: Fixed end moments are:

_ —Wab® _ 100x4x2?

Fas = B & = —44.44KNM
2 2
F, =+ vab_ 100x47x2 _ gg gokNM
L
w2 2
Fooo WL 20x57 41 67kNM
12 12
2 2
F, = Wh _20%57 41 67KNM
12 12
Since A'is fixed 6, =0,0, =0, 6. =0,
Slope deflection equations are:
2El
Mg =Fe +T(29A + 9B)
_—44.44+ g,
6
1
=-44.44+ JE10, ———— (1)
2El
Mgs =Faa +T(293 + eA)
_ +88.89+ 2E1X2%
2

=88.89+ “EIf, e (2)



2El
MBC = FBC +T(298 + ec)

= —41.67 +%(2eB +0.)

:—41.67+gEIGB+§EI6C e ()|

2El|
MCB = FCB + T (290 + eB)

= +41.67 +%(2eC +6,)

:41.67+%6C+§EI68 SN/

In all the above four equations there are only two unknown 6, and6.. And

accordingly the boundary conditions are

Ma:. N
. "\.' Fi ‘“) . 5
ﬁ/ | 3 kJ_ L
i) A @n >
My
[N

ME-TIPRE N =9
2 it M

(=N

I -Mga-Mgc=0
Mga+Mgc=0

i Mcg=0 since C is end simply support.

Now Mg, + Mg.=88.89 +§EIGB—41.67 +§EIGB+§EI6C

22 2
=47.22+—EIB0;+—EI6.=0 —-——-———>(5
15 D+ Elo (5)
2 4
Mcs=41-67+gE|es+gE|9c=0 ————>(6)
Solving simultaneous equations 5 & 6 we get

El6,=-20.83 Rotation anticlockwise.
El0.=—-41.67 Rotation anticlockwise.

Substituting in the slope definition equations

Mag = — 44.44 + %(— 20.83) = ~51.38 KNM

Mga = + 88.89 + %(— 20.83)= +75.00 KNM



Msc = — 41.67+§(— 20.83)+§(— 41.67)=-75.00 KNM

Mcg = + 41.67+§(— 20.83)+g(— 41.67)=0

100 KN _
a ' 2 HA fm
5.2 75 75

Reactions: Consider the free body diagram of the beam.

foo KRy
5,‘ 36 o I-\N{m
P - =
Rz 29 ko s | 270460, R 65k = BS KN |

C,

Find reactions using equations of equilibrium.

Span AB:  2ZMa=0 Rgx6 = 100x4+75-51.38
-.Rg =70.60 KN
2V =0 Ra+Rg = 100KN

-.Ra =100-70.60=29.40 KN

Span BC: 2Mc=0 Rgx5 = 20><5><§+75

~.Rg =65 KN

2V=0 Rg+Rc = 20x5 = 100KN
Rc = 100-65 = 35 KN



Using these data BM and SF diagram can be drawn.
OO KN

BMD
6500 KN
HT785m
29.10 kN 4—*
B SFD
+
+ 23S.00KN
7O-60 kN




Max BM:
Span AB: Max BM in span AB occurs under point load and can be found
geometrically

(75-51.38)

Mmax=113.33-51.38 - x4 =46.20 KNM

Span BC:Max BM in span BC occurs where shear force is zero or

changes its sign. Hence consider SF equation w.r.t C

S,=35-20x=0 SoX = 3—5:1.75m
20
Max BM occurs at 1.75m from C
2
SoMmax =35 x 1.75 - 20 x 1.75 = 30.625 KNM



Example: Analyze continuous beam ABCD by slope deflection method and then

draw bending moment diagram. Take EIl constant.

100 kK

l 20 Kkt fm l
A a B(—V—V'{{‘_—WW\C
ﬂ P
‘o 24 m L, 2mo Sm 3 /*Sm "
A K§ kel ra !
Solution:
0,=0, 6,=0, 6.=0
2 2
FEMS Fro= - ab™ _ 100x4x2° _ 44 44 kNM
K 6
2 2
Fouz + VA _ 100x47x2 o888 KNM
L 6
wL? 20 x 52
Fo.=— =— = -41.67 KNM
12 12
wL? 20 x 52
Fee=+ =+ = +41.67 KNM
12 12
Feo=-20x1.5= -30 KNM
Slope deflection equations:
M,e :FAB+?(29A+98) = —44.44 +%EIGB
Mg, :FBA+?(ZOB+9A): +88.89 +§EIGB --------- >(2)
MBC:FBC+E(298+GC): —41.67+fE|eB+3E|9C --------
L 5 5
Meg :FCB+?(2eC+eB) = +41.67 +§E|ec+§E|eB --------

Mcp=—30 KNM



In the above equations we have two unknown rotations 6;and 6., accordingly

the boundary conditions are:
MBA +MBC= 0
Mg +Mp=0

Now, M,,+M,.=88.89 +§EIGB—41.67 +%EIGB+§EI6C

:47.22+£E|93+3E|90:0 -------- > (5)
15 5

And, Mgs+Mgp= +41.67 +§EI6C+§EIBB—30

:11.67+§EIOB+gEIOC —————— > (6)

Solving (5) and (6) we get

El6;=-32.67 Rotation @ B anticlockwise
El6.=+1.75 Rotation @ B clockwise

Substituting value of EI6;and EI6.. in slope deflection equations we have

M,,= —44.44 +%(— 32.67)=-61.00 KNM

Mg, = +88.89 +§(— 32.67)=+67.11 KNM

Mg.= —41.67 +g(— 32.67)= +§(1.75) = —67.11 KNM

Mgy = +41.67 +g(1.75)+§(— 32.67)=+30.00 KNM

Mcp=-30 KNM
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Reactions: Consider free body diagram of beam AB, BC and CD as shown
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Span AB
R;x6 =100x4+67.11-61

R,=67.69 KN
R,=100-R,=32.31 KN

SpanBC
R.x5 = 20><g><5+30—67.11

R.=42.58 KN
R,=20x5-R,=57.42 KN

Maximum Bending Moments:

Span AB: Occurs under point load

(67.11—61

Max =133.33 -61- x4 =68.26 KNM)

Span BC: where SF=0, consider SF equation with C as reference

S,=42.58-20x=0

x:@:z.m m

20

2.132

. M, =42.58x2.13-20x ~30=15.26 KNM




Example: Analyse the continuous beam ABCD shown in figure by slope

deflection method. The support B sinks by 15mm.
Take E =200x10°> KN/m? and | =120x10°m*

S OO KN 20 KN

E‘w lb

A1) - '-2’?7__ Sm [ Sm L
4_

S EECSANNNY

Solution:

In this problem 0,=0, 6,0, 0.#0, 6 =15mm

FEMSs:
Fro = — szbz — —44.44 KNM
F, =+ Wf;b — +88.89 KNM
Fo=—"E _ 41.67KkNM
Fo— W 4167 KNM

FEM due to yield of support B

GEIS el 8
A ZI it = pe By = ot
SELE - 7%
T % SETE
L_"l.
For span AB
mab - ba — 6EI 8

- 6X6200 10°x120x10°° 150 — 6 KNM



For span BC:

mbc = mcb = 6LEI 8

6x200

=+ = x10°x120x107° 15

Slope deflection equation

2E| 30
MAB = FAB+ T (ZeA +6B_ T)

El 6EId
= FAB+T(29A+OB)_ E
1
:-44.44+§EI€)B—6
1
=—50.44+§EIGB
M, = F,, (29 +0,)- CEI0
2
=+88.89+§EIOB—6
2
:+82.89+§EI€)B
6EI6

Mgc= Fgc (29 +60.)+

=-41.67 +§EI(ZBB+6C)+ 8.64

=-33.03 JriEI(9B+E EIO,
5 5

M= Foy (29 10,)+ 250

=+ 41.67 +§EI(29C+GB)+ 8.64

~ +50.31+ 210+ 2 El0,
5 5

Meo=—-30 KNM

5 = +8.64KNM



There are only two unknown rotations 6, and 6. . Accordingly the boundary

conditions are
Mg, +Mgc=0

Mg +Mp=0

Now, M., +M,. = 49.86 +%EIBB+§EI6C: 0

Mg +Mcp = 20.31+§EI93+§EI9C: 0

Solving these equations we get
El6,=-31.35 Anticlockwise
El6.=-9.71 Anticlockwise
Substituting these values in slope deflections we get the final moments:

M, = —50.44 +%(— 31.35)=-60.89 KNM

Mg, = +82.89 +§(— 31.35)= +61.99 KNM

M. = —33.03 +§(—31.35)+§(—9.71)= ~61.99 KNM

Mgg= +5o.31+g(— 9.71)+§(—31.35) = +30.00 KNM
Mgp=—30 KNM
/OO0 kN SO KN
— 20 KN/m = l
A 417 N Bﬁfvv"/\wv-wrﬁ?m C D
a'ae. 2 b W “ Aoy
0. 89 &1-99 61-99 20 30

Consider the free body diagram of continuous beam for finding reactions
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Reactions:
Span AB:
Rgx 6 =100 x4 + 61.99 — 60.89
Rg = 66.85
Ra =100 - Rg
=33.15 KN
Span BC:

RB><5:20x5xg+61.99—30

Rg = 56.40 KN
Rc=20x5-Rg
=43.60 KN
/00 kN e SRR
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Example: Three span continuous beam ABCD is fixed at A and continuous over
B, C and D. The beam subjected to loads as shown. Analyse the beam by slope

deflection method and draw bending moment and shear force diagram.

: A~ E ﬁ e Vamn TVYTYTN
4 [oR ~ feu ko4
2.7 2 = Vo Ao,
4i, oY r"i' s a Al’ /'If
Solution:

Since end Ais fixed 6, =0,0, #0,0, #0,6, =0

FEMSs:
Foo-M__60x4 35 knm

8 8
FBA=+%':+608X4= + 30 KNM

Foo= +%= +12.5 KNM

Fop = +%=+12.5 KNM

2 2
Foo- W __10x4 1533 kM
12 12
2 2
Fooo+ W 104 1333 kM
12 12

Slope deflection equations:

2El|
MAB = FAB+T(29A+OB)

= -30+%(0+95)

= -30+ 05618,  eeeeee-- > (1)
2E|
MBA:FBA+T(268+9A)

= 30+ %(293-%0)

=+30+El6, e >(2)



2El|
Mgc=Fgc +T(26|3 +ec)

=125+ %(298+9C)

= 12.5+EI0,+0.5El0, ~  aeeea--e > (3)

2El|
MCB = FCB +T(290 +eB)

=125 +%(2ec+95)

~ 1251EI0_+0.5E0,  eeeeeeee > (4)

2E|
MCD = FCD+T(290+9D)

= -13.33 + %(2ec+e[,)

= -13.33+EI0.+0.5E16, ce-ee-e-e- > (5)

2El|
MDC = FDC +T(290+90)

= 13.33 + %(29D+90)

= 13.33+0.5EI6.+ElB, ~  ceeeeeee-- > (6)

In the above Equations there are three unknowns, EI6;,EI6. & EIf,,

accordingly the boundary conditions are:
I Mga+Mg=0
i Mgg+Mp=0
il Myc=0 (. hinged)

Now
Mga+ Mg=0
30 +EI6;+12.5+EIO;+0.5E16, = 0
2E10,+0.5E10.+42.5=0 e >(7)

Mgg +Mge= 0
+12.5 +El0,+0.5E10,-13.33 + EI0.+0.5E10,= 0
0.5El0,+2E10.+0.5E10,-0.83=0 —————— > (8)

Mpe=0
13.33+0.5El16.+ElO,=0 >(9)



By solving (7), (8) & (9), we get

El0,=—24.04
El6.=+11.15
El6,=-18.90

By substituting the values of 6, 6, and 0, in respective equations we get

M,s=—30+0.5 (- 24.04) = —-42.02 KNM

Mg, = +30 + (- 24.04) = +5.96 KNM
Mgc=+12.5 + (- 24.04)+0.5(+11.15) = -5.96 KNM
Mes=+12.5+11.15+0.5(- 24.04) = +11.63 KNM
Mgp=—13.33+11.15+0.5(-18.90) = -11.63 KNM
Mpc= +13.33+0.5(11.15)+(~18.90) = OKNM

Reactions: Consider the free body diagram of beam.

O RN EQknm - 1O ke
o 'L = Yl Aoy =5 m;f;/—{)-\"{-aw.m
< = [ 2 S $
4202 Se(, . Lol {63 l ! 1i-€3
R 0% R 20% R,=ya.52 R=1382 Re= 2.9 R 1709

Beam AB:
R, = 60><2+5.j)6—42.02 _ 20985 KN
R, =60-R; =30.015 KN
Beam BC:
R, = 11.63+20—5.96 _13.92 KN
Ry =R, =-13.92KN .. Ryis downward
Beam CD:

10x4%x2-11.63 _17.09 KN

R, =
R =10x4-R, = 22.91KN
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Example: Analyse the continuous beam shown using slope deflection method.
Then draw bending moment and shear force diagram.

L km
QA0 KA
7D KN,
A 7 e "%’Wﬂg l e
p ; )
) 21 - E> 2,
A A # =<
&m sm Xm
Solution: In this problem 6,=0, ~end Ais fixed
FEMSs:
2 2
oM _10x8 5333 kM
12 12
wl?
Fon=+——= +53.33 KNM
12
Foo-WM__30x6_ 5550 kNM
8 8
Feo=+ %: + 22.50 KNM
Slope deflection equations:
2El
MAB:FAB+T(29A+OB)
_ 5333+ 25300,
3
= -53.33 t Ele, eeeeeaa- > (1)
2El
MBA:FBA+T(298+9A)
_ 5333+ 25329 40)

53.33 +%EIOB -------- >(2)



2El|
Mg = FBC+T(ZGB +ec)

= -225+ %(mﬂec)

-22.5+f|5|93+3|£|9C -------- > (3)
3 3
2E|
M= FCB+T(26C+9B)

= +225+ %(290+98)

+22.5+%EI9C+§ Elo, eeeee--- > (4)

In the above equation there are two unknown 6;and 6., accordingly the

boundary conditions are:
i —Mga—Mg.—24=0
i Mz=0

Now, Mg, +Mg.—24 = 53.33 +§E|93—22.5 +%EIOB+§EI9C+24

:+54.83+%EIGB+§EIGC:O —————— > (5)

and M.,=22.5 +%EI6C+§EIGB: 0

2 1
EEIGC: —11.25—§EI6B ........... > (6)
Substituting in eqgn. (5)

54.83 +%EIOB—11.25 —%EIGB: 0

+44.58 +%EIOB: 0

. El9,= —%ﬁw = -17.432 rotation anticlockwise



.. from equation (6)
El0.= g[—ll.ZS —%(— 17.432)}

=-8.159 rotation anticlockwise

Substituting EI6,=-17.432 and EI6.=-8.159 in the slope deflection equation

we get Final Moments:

M, = -53.33 +%(— 17.432)=-66.40 KNM

Mg, = +53.33 +g(— 17.432)=+27.18 KNM

Mg = —22.5 +%(—17.432)+§(—8.159) = -51.18 KNM

M= +22.5 +§(—8.159)+§(—17.432) =0.00

26 KNm

Aﬂ%mr\mg/ L
1 W 74N« AW

Sy D78 SfelE

20 Rk

N

Reactions: Consider free body diagram of beams as shown

30 KM

s (g o LY
& z v
Co-i 2FLB =18

QA fo; R.{%

Span AB:
R, = 27.18—66.480+10><8x4 3513 KN
~R,=10x8-R;=44.87 KN

Span BC:
R, 51.18;30><3 _ 9353 KN

R.=30-R;=6.47 KN



26 KNm

IO KM/mMm F"_\
A%f{\f‘\oﬁ/{m'}( L

20 Ra

N

& Fp m

CColy 2718 5/elS

44‘“ [\ ‘23 '53 KM _
Hea _
\ (RS e |
& 4T

2SHIKRA

sk D

Max BM
Span AB: Max BM occurs where SF=0, consider SF equation with A as origin

S, =4487-10x=0
X =4.487m

4.487°

~ M =44.87x4.487 -10x — 64 =36.67 KNM

Span BC: Max BM occurs under point load

BCM__ =45 —% =19.41KNM



Example: Analyse the beam shown in figure. End support C is subjected to an

anticlockwise moment of 12 KNM.

QOHMX | 2L I<t i
m AN
A‘? %LVﬂfﬂfﬂf\;:ER’V“WﬁfW" C
A } }
f.{_ 21 ‘f; E S = . 1
Arrn 4 L a

Solution: In this problem 6,=0, .. end is fixed

FEMs:
2 2
Foo- M _ 2024 5567 KNM
12 12
wl?

Fo= +—— = + 26.67 KNM
12

Slope deflection equations:

2El|
MAB = FAB+T(29A+OB)

=0+ %(o +05)
=El6, = eeeeeeae > (1)
2E|
Mg, = FBA+T(26B+6A)

=0+ %(29B+o)

=2El6, e >(2)
2El
MBC = FBC +T(26|3 +ec)

2E><1.5I(

-26.67 + 26,+6.)

-26.67 +§EIGB+%EI9C --------- > (3)

2El
MCB = FCB+T(290+95 )

2E x1.5I (

+26.67 + 26.+65)

+26.67+§Elec+% Elo, --------- > (4)



In the above equation there are two unknowns 6, and 6., accordingly the

boundary conditions are

Mg, +Mg.=0
Me+12=0
3 3
Now, Mg, +M, .= 2E16;,-26.67 +EEIGB+ZEIGC
7 3
=—EIf;+—EI6.-26.67=0  --------- > (5)
2 4
3 3
and, Mz +12 = 26.67 +§E|9c+ZE|95+12
3 3
:38-67+ZE|93+EE|GCZO --------- > (6)

From (5) and (6)
ZEIGB+§EI9C—26.67 =0
2 4

§EI(9B+§EI6C+19.33 =0
8 4

28—5EIGB—46 =0

ElO,= +46 ><i =+14.72
25
From (6)

El0.= —3(38.67 +§(14.72)j
3 4
=-33.14 -ve signindicates rotation anticlockwise
Substituting EI8; and Elf.is slope deflection equations

M,s=El0,=+14.72 KNM
Mg, = 2E10,= 2(14.72) = 29.42 KNM

M. = —26.67 +g(14.72) +%(— 33.14) = 29.44 KNM

Mg = +26.67 +g(—33.14) +%(14.72) =-12 KNM



2\ ¥ L\ o)
28,41, 294y o

Reaction: Consider free body diagrams of beam

IL4e72 : LAGY [ZRNm

i DO . T
1

VAl
T,k sa | ‘T\#_
QA

QJ.% '{:‘)8 'f‘i'
Span AB:
R.— 14.72;29.44 _11.04 KN
R,=-R,=-11.04 KN
Span BC:
R.- 29.44+124+ 20%4%2 _ 0 a5 ki

R.=20x4-R;=29.64 KN
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Example: Analyse the simple frame shown in figure. End A is fixed and ends B &
C are hinged. Draw the bending moment diagram.

IO KN S INY)
T p e
o gl =
a =T -7 7%’
2m
e 20HN t
wt.m
- £
e T 4 ”?77 gl Le
| Tl _ 4
Solution:
In this problem 6, =0,0, # 0,6, #0, 6, =0,
FEMS:-
2 2
Fop = ab” _ 120x2x4" _ 446 67 KNM
L 6
2 2
R, =+ V2 b :+120"f X4 _ 153.33KNM
L
2 2
Fo—— W _ 20047 6 67 KNM
12 12
2 2
Fop =t _ 204 26,67 KNM
12
F.p =+V\Q‘ 204 10KNM
Fo=-VL _ _10KkNM

Slope deflections are

2EI(

Mg = Fup +— (20, +0;)

:—106.67+%(98)=—106.67+§EIOB ————>()



2El|
MBA = FBA +T(298 + eB)

:+53.33+%(298):+53.33+%EIGB ———=>(2)

2El|
MBC = FCB +T(Zes + ec)

= —26.67+%x%(298 +0.)= —26.67+§EI98 +%EI9C ————>(3)

2El|
MCB = FCB + T (Zec + 98)

= +26.67+%TE><%(260 +0g)= +26.67+%EI9C +%EIGB ————>(4)

2El
MBD = FBD +T(298 + 9D)

:+10+%(263+6D):+1O+EIGB+%EI6D ————>(5)

2EI(

Mys = Fop + 260, +6,)

=—10+%(29D+eB)=—10+E|eD+%E|eB ————>(6)

In the above equations we have three unknown rotations 6,,6., 6,accordingly

we have three boundary conditions.
Mga +Mge + Mg, =0

Mg =0 Since C and D are hinged
Mps =0
Now
4 3 3 1
Mg, +Mge + Mg, =53.33 +§EIE)B ~26.67 +EEIGB +ZEI6C +10+El6, +EEI6D
23 3 1
:36.66+?EIGB+ZEI9C+EEIGD:0 ----->(7)
3 3
Mg :26-67+ZE|93+EE|90 =0 ----->(8)

MDB:—10+%EIGB+EI9D:O ae>(9)



Solving equations 7, 8, & 9 we get

El0, = —8.83
EIf. =-13.36
El0, =+14.414

Substituting these values in slope equations

M, =-106.67 + %(—8.83) = -112.56 KNM

M., =53.33+ g(—8.83) = 41.56 KNM
3 3

My. =-26.67+(-8.3)+ (~13.36) = ~49.94 KNM
3 3

Mc, =+26.67+(-13.36) + ,(-8.83) =0

M,, =10 +(-8.83)+ %(+14.414) = 8.38 KNM

M,, = -10 + (14.414) + %(—8.83) =0

l 1 RO pns (H-S6 A 2O RN

4 A o e 2 r <
: LR A
112-54 ’(’W ’

@-28
=20 Isn
D




Reactions: Consider free body diagram of each members

_e

b ’?C

IS -G okl
A g b I £ A
%kb!!'i-?é z,f.r-s:é‘/ f f" » :
£
~ Re, =
i S
e
N o
achn
ﬂ—.
F‘?___ Hy
l
R
Span AB:
R, - 41.56—112656+120><2 _ 2817 KN
"R, =120-R, = 91.83KN
Span BC:
R, = 49.94 +20x4x2 _ 52485 KN
R =20x4-Rg; =27.515KN
Column BD:

 20x2-8.33

H, =7.92KN

~.Hy =12.78 KN [+ H, +H, = 20]



in kn-m .



Example: Analyse the portal frame shown in figure and also drawn bending

moment and shear force diagram

20 rn B0 kN
= J 1 [y 2
s B
”
1 1| #
A D
o TETE - < m mew Can
” S A [ L
| “1 ! |

Solution:
Symmetrical problem
- Sym frame + Sym loading
0,=0, 6,20, 6.0, 6,=0
FEMS
W.,ab®> W,cd?
FBC: - L2 - L2
2 2
_ 80><22><4 B 80><A;><2 . -106.67 KNM
6 6
2 2
Fop=+ 2 Woed _ 106,67 KNM
L L
Slope deflection equations:
MAB:FAB+?(29A+GB): m%(o +0,) = %EIBB -------- > (1)

Mg, :FBA+?(298+9A)= 0+%(295+o)= Ele, = ------- >(2)



2El
MBC :FBC+ T (295 +ec )

:—106.67+%(268+6C):—106.67+%EI63+§EI6C ------ > (3)

2El|
MCB :FCB + T (290"'63 )

:+1O6.67+%(26C+65)=+106.67+%EI9C+§EIGB ------ > (4)

2E|
MCD=FCD+T(290+9D)
=0+%(2ec+0) -El6. e > (5)
2E|
Mpc=Fpc+ T (290+9c)
:0+%(0+6C):%EI6C ------- > (6)

In the above equation there are two unknown rotations. Accordingly the boundary

conditions are

Mga +Mgc=0
Mcg +Mcp=0
7 2
Now Mg, +Mg.=—106.67 +§ EIOB+§EIOC: o ------ > (7)
2 7
Mcg+Mcp= +106.67+§EIGB+§EI6C: 0O ------ > (8)
Multiply by (7) and (8) by 2
49 14

~746.69 + —El0,+—EIf.= 0
3 3

4 14 subtracts
+213.34 +§EIGB+?EI6C= 0

-960.03 +%EIGB: 0

El0g=+960.03 x % =+ 64 Clockwise



Using equation (7)
El6.= _3 -106.67 +ZEI9B
2 3

=- % {— 106.67 + % X 64} =— 64 Anticlockwise

Here we find6,=— 6. It is obvious because the problem is symmetrical.

. Final moments are

MAB:+674:+32 KNM
Mg, =64 KNM

4 2
MBC:—106.67+§64+§(—64)=— 64 KNM
4
3
Mcp=— 64 KNM

Moe=— % 64=-32 KNM

Mg = +106.67 + (—64)+§(64):+ 64 KNM

B0 kn 0 kn
e | l ¢ e
s L 4 i
372
= = =




Consider free body diagram’s of beam and columns as shown

SOk BO wn

P N, l J ETy
Lz e 3y £ A
T k. 7
Ke Re
E..LQ—— H'F; ”Q__JC
HA_“EJ e G 32
o ¢ B n,

By symmetrical we can write
R,=Rz=60 KNM

R,=R.=80 KNM
Now consider free body diagram of column AB

Apply
>M, =0

H,x 4 =64 +32
-~ H,=24 KN

Similarly from free body diagram of column CD

Apply
M. =0

H, x4 =64+32
- Hy=24 KN



Check:
Y H=0
H,+H,=0
Hence okay

qg 4 s
s v i |
/ : : il

e~

52 l

32

BMD

in KN-m

£5C i
]
BO kng
+ —
o L}, W T 248N
S F D

Note: Since symmetrical, only half frame may be analysed. Using first three
equations
and taking 0;=—-0.



Example: Analyse the portal frame and then draw the bending moment diagram

Eoknl
[ I 28 1

L

vy B

A
T -
s bm 1~ ‘3 £ e
| T 1

Solution:

This is a symmetrical frame and unsymmetrically loaded, thus it is an
unsymmetrical problem and there is a sway
Assume sway to right.
Here 6,=00,=0,0,#0,6,=0

FEMS:
2 2
Foom - Nab” __80x5x3 _ 5625 kM
K 8
2 2
Fop= + 2 b :+80X52 3 _ 193.75 KNM
L 8
Slope deflection equations
2E| 38
Mpe=F ne L (ZGA BB__j
_0+2E! 0+eB—§ :EEIGB—EEIS -------- > (1)
4 4) 2 8
2E| 38
MBA:FBA-FT(ZGB'FGA—TJ
_o+2E! 2eB+O—§ =E|eB—§E|5 -------- >(2)
4 4 8



2El
MBC :FBC+ T (295 +9c )

:—56.25+%(298+6C):—56.25+%EIGB+%EI6C --------- > (3)
2E|
Meg=Fcs+ T (290+98)
=+93.75+%(290+98):93.75 +%EI6C+%EIOB --------- > (4)

2E| 35
MCD :FCD+ T (ZGC +9D_ Tj
_0+2E 2ec+0—§ =E|ec—§E|6 --------- > (5)
4 4 8
2E| 38
MDC :FDC+ T (ZGD +9C— Tj

_0+2E 0+ec—§ =1E|ec—§Els --------- > (6)
4 4) 2 8

In the above equation there are three unknowns 6, 6. and &, accordingly the
boundary conditions are,

Mga +Mp=0 ——> Joint conditions
M +Mp=0
H,+H,+>P,=0 - - -> Shear condition
i.e, MAB +MBA + MCD+MDC — O
4 4

Mg +Mgp +Mcp +Mpe =0

3 1 1

NOW, Mg Moo= E16; — = EIS ~56.25 + ~Elfg+ - El6c=0
:—56.25+§EIOB+1EI6C—§EI6:O —————— >(7)
2 4 8

1 1 3

And, Mg +Mop=93.75 + ~ El0c+—El0, +E10c— 15 =0

_93.751 SEI0,+ SEIB,-SEI3=0 - > (8)
4 2 8



And, M,,+Mg, +Mcp+Mpe= %EleB—gEls + EleB—gEla + Elec—gEls

1 3

+=El0.——EI5
2 8"
3 3 3
= ZElf,+-El0.-~ElI6=0 —————— >(9
% 10, + Sl ©)
From (9) EIS = E10,+E10,

Substitute in (7) & (8)

Ean (7)
~56.25 +§EIOB+%EIGC—S[EIGB+EIBC] =0

—56.25+§EIGB—%EIOC:O - > (10)

Ean(8)
+93.75 +%EIOB+gElec—g[EleB+Elec] =0

+93.75—%EIOB+§EIGC:O .......... > (12)

Solving equations (10) & (11) we get El0;= 41.25

By Equation (10)
El6.=8 {— 56.25 +§EIOB}

=8 {— 56.25 +§41.25} =-78.75

- EIs =EIO;+EI0.=41.25-78.75 =-37.5
Hence

El6;=41.25, El6.=-78.75, EI6 =-37.5
Substituting these values in slope deflection equations, we have



1
ABZE
3

M,, = 41.25 - 5(‘ 37.5) = +55.31KNM

3

M (41.25)—§(— 37.5) = +34.69 KNM

Mye= 56.25+%(41.25)+%(—78.75)=—55.31KNM

BC —

M= 93.75 + %(— 78.75) + %(41.75) = +64.69 KNM

Mg, = —78.75 - g(— 37.5) = —64.69 KNM
1 3
M,. = E(_ 78.75) - 5(‘ 37.5) = —25.31KNM
B0 kn
. 553 l
" -~ <
% N e
Gu-ca € |
2562}
A‘.\J .?_;Lqu K_}D
Vera s ; Ve/cord

Reactions: consider the free body diagram of beam and columns

Column AB:
H, = 2309+99:31_ ;5 kn
Span BC:
R, - 55.31-64.69 +80x 3 _ 2883 KN

8
o Rc=80-R; =51.17

Column CD:

H, = 64.69 + 25.31 _ 995




Check:

2H=0
Ha+Hp=0
225-225=0
Hence okay
88-83
_1_.
553 / * \ 64 69
' | .
- Iso i
\
A 34.!59 _ASN3) é




Example: Frame ABCD is subjected to a horizontal force of 20 KN at joint C as
shown in figure. Analyse and draw bending moment diagram.

2 . [t - 20N .
T
2m
T T
Aﬂ?f?? = T
P77
4[! 4m L Jb

Solution:

Frame is Symmetrical and unsymmetrical loaded hence there is a sway.

Assume sway towards right

FAB: FBA: FBC: FCB: FCD: FDC: 0

Slope deflection equations are
Mg :FAB+?(29A+OB—?J

2, 3
3 3

2 2
=ZEI0,-ZEI8 e > (1
2e10, -2 0
o Fops 2z, 00,3

0,3
3 3

4 2
=§H%—§Hs —————— >(2)



2El
MBC = FBC+ T (298+ec)

_2E (20,+6.)

= EI0,+0.5 EI0,

2El|
MCB =FCB+ T (29c+es )

_2El (26,+6;)

= EI0,+0.5 EI0,

Mep=F o+ ? [&#%—%}

2
3 3

4 2
=5 Elo—ZE > (5)

Mpe=F o+ ?{zeﬁec—%}

28I 3
3 3

2 2
:§E|ec—§Els > (6)

The unknown are 6 ,0.& 6. Accordingly the boundary conditions are

. Mg, +Mg=0
1. Mgg+Mp=0
. H,+H,—20 =0

i.e’ MAB ;MBA + IVICD ;MDC -20=0

Mg +Mgp +Mp +Mp—60 =0

Now My, +M.= %EleB—gEla +EI0,+0.5E10,

:gEIOB+O.5EIOC—§EI6:O —————— > (7)



and Mg +Mgp = EI6C+O.5EIE)B+%EIGC—§EI8

:0.5EIOB+gEI9C—§EI6:O —————— > (8)

and M,,+M,, +M, +Mo.—60 = %EmB—%Els +§EIGB—§EI6 +%E|eC

2 EI5+ 2E10,- 2E15-60
3 3 3

8

= 2EI€)B+2EI€)C—§EI8 -60=0--————-

Solving (7).(8) & (9) we get

El0,=-8.18,
El6.=-8.18,
EIS =-34.77

Substituting the value of 0;, 6. and § in slope deflection equations

Mg = %(—8.18)—%(— 34.77) = +17.73 KNM
Mg, = %(—8.18)—%(— 34.77) = +12.27 KNM

Mgc=0-8.18+0.5(~8.18)= -12.27 KNM
Mg=0.5(-8.18)-8.18 =-12.27  KNM

Mcp= % (- 8.18)—%(— 34.77) = +12.27 KNM

Mpc= %(—8.18)—%(— 34.77) = +17.73 KNM



78 7 L owe 1r:2.cjt<m

\ ¥
/‘} 1207 {2427 '/-\1
A&%’J 17.72 17-72.&/}0
S77F TTET

Reactions: Consider the free body diagram of the members

e e
e e
f . [ 2e23 — T
Rg R.
B8 ¥ +C
/—\12«23 = dh
A}Q—"”Fﬁ?’g 1 7-3% &L
¥y : gr ;.;_Q_H
| R ! B
A RD
Member AB:
H, = 17.73+12.27 _10KN
Member BC:
R, = 12.27 +12.27 _ 6.135 KN

- Rg =-R; =-6.135 KN -ve sign indicates direction of R; downwards



Member CD:

_—=17.73-12.27

Hp 3 =—-10 KN -ve sign indicates the direction of H, is left to right
Check: >H=0
Ha+Hp+P =0
+10+10-20=0
Hence okay
120
= ﬂ\-&m
b2 23
LT 1772 i
1772
=MD

in k& rm



Example: Analyse the portal frame subjected to loads as shown. Also draw

bending moment diagram.

Q0 kN
£ C "
I

,.g >

£y
3

m
9 E L 1 .
A§ B
TR T e ; S, - TEEOC
A S %

The frame is symmetrical but loading is unsymmetrical. Hence there is a sway.

Assume sway towards right. In this problem 6,=0,6;#0,0.%0,6,=0

FEMs:
2 2
12 12
2 2
Fooe M 1044 1333 KM
12 12
FBcz—ﬂl:—gOXlo = - 112.5 KNM
8 8
Foy= %': 90;10 = + 1125 KNM

Slope deflection equations:

M= FAB+?(26A+GB+%j

-13.33 + %(o +93—§j

4
= -13.33+0.5E16, -0.375EI5 ~  e-ee-ee- > (1)

Mg, = FBA+?(295+9A+?J

= 13.33 + 2 265+0—§
4 4

= 13.33+El0,-0.375EI8 e >(2)



2El|
Mgc=Fgc +T(265 +ec)

2E3|
= -1125+ T(29B+ec)

= -112.5+1.2E16,+0.6El6, eeeeee-e > (3)
2E|
Meg = FCB+T(29C+GB)

= +112.5+ %(290-%95)

=1125+1.2EI6,+06 EI6, ~ —ee------ > (4)

Mep = FCD+?(29C+9D—?j

0+ E(266+0 —Ej
4 4

= EI0.—-0.375EI8 e > (5)

Mo = FDC+?(26D+6C—%J

=0 +E(O+ ZOC—EJ
4 4

= 0.5E16.-0.375EI8  eeeeeeae > (6)

There are 3unknowns EIOg EI6. and EI5, accordingly the boundary conditions
are

Mg, +Mg=0

Mg +Mp=0

H,+H,+40=0

Here HA><4:MAB+MBA—1O><4><%

_ Mg+ Mg, —80
4
and Hyx4 =M, +Mg.
Hy= Mep Mo
4
Mg+ Mga— 80 + Mco +Mpc
4
Mg+ Mgp +Mp +Mp+80 =0

H,

+40=0




Now Mga + Mpc =0

13.33E10,—0.375E16 -112.5 +1.2E16,+0.6E16.= 0

2.2E10,+0.6E16.-0.375E16-99.17=0 -------- > (7)
and Mg +Mye=0 (4) + (5)

112.5+1.2E16.+0.6E16,+EI6.-0.375EI5 = 0

112.5+2.2E16.+ 0.6E16,-0.375ElI6=0 -------- > (8)
also M,z+M;, +M;+M,.+80 =0

—-13.33 +0.5E16,-0.375EI5 +13.33 + EI6,-0.375E165 + E16,-0.375EI8

+0.5E16.-0.375E156+80 =0

1.5E10,+1.5El6.-1.5El6+80=0  --------- > (9)

By solving (7), (8) and (9) we get

El0,=72.65
El0.=-59.64
EIS = +66.34

Final moments:
M,s=—13.33+0.5(72.65)-0.375 (66.34)=-1.88 KNM
Mg, = +72.65 - 0.375(66.34) = 61.10 KNM
Mge=-112.5+1.2(72.65)= +0.6(-59.64) = —61.10 KNM
Mep=112.5+1.2(-59.64)+0.6(72.65)=84.52 KNM
Mgp= —59.64 — 0.375(66.34) = —-84.52 KNM
Mpc= 0.5(-59.64) — 0.375(66.34) = -54.70 KNM

Q0 kw
« ¢ 5
'S &
=y le; Elp-52 {»\‘
/’
£
2
X
9
/B8 She7a
Y i
7T ' 177757




Reactions: Consider the free body diagrams of various members

lQO Kas
P i i
T *ewo ausr® 1
Rp, 'QC,
2y _ T
N
\@;.10 E-,u,,oszr‘/
o
: %
2
£
g
[+ G & A
p \g_} S4-lo (| A
A o
| AEmE
Ka Ry
Member AB:
61.10-1.88-10x4x2
H, =
4
=-5.195 KN -ve sign indicates direction of H, is from right to left
Member BC:
R, = 84.52-61.10+90x5 _ 47 34 KN
10
Ry =90-R. =38.34 KN
Member CD

 84.54+54.7

H, = 34.81KN



Check
2H=0
Ha+Hp+10x4=0
-5.20-34.81+40=0

Hence okay

h S 452

=2 M D

In KNv-M



Example: Analyse the portal frame and then draw the bending moment diagram

BESO KN

B . l e
17 100 i
H '!*
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D

AW Voo oo e i

e 2m f 3m f

Solution:
Since the columns have different moment of inertia, it is an unsymmetrical

frame. Assume sway towards right

FEMS:
WL __80x6_ 0 v

FBC:_ 3
Feg= +% =+60 KNM

Here 6, =0, 6, =0

Slope deflection equations

2El
Mg =F s+ (29 +0 ——J

L
= EE(O%HH—)——HG—EEB -------- > (1)
4 8
E[ze e__]
L
= %[29&0——) EIGB—%EIS -------- >(2)



2El
MBC :FBC+ T (293 +ec )

2E2| 4 2

= 60+ ———(20,40.)= 60 +—ElO,+=ElO,  --------- > (3)
6 3 3
2E|
Mcg=Fcp+ T (Zec"‘es )
= 60+@(2ec+95)= +e30+3E|eB+fE|eC --------- > (4)
6 3 3
2E| 35
MCD :FCD+ T (29(: +9D_ Tj
_o4+2E2 zec+o—§ :2EI6C—§EI8 --------- > (5)
4 4 4
2E| 38
MDC :FDC+ T (26D +6C_ Tj
_o+2E2 0+ec—§ :EIOC—EEIS --------- > (6)
4 4 4

In the above equation there are three unknowns 6;, 6. and &, accordingly the
boundary conditions are,

MBA +MBC= 0
Mcg+Mp=0 ——> Joint conditions
H,+H,=0 ---> Shear condition
i_e, MAB +MBA + IVICD +MDC — O
4 4

Mg +Mgp +Mcp +Mpe= 0

Now, Mg, +Mg.= Eles—gEls ~ 60 +§EIGB+§EI9C: 0

=—60+ZE|eB+3E|9C—§E|6=o —————— > (7)
3 3 8

And, Mg, +M.p= +60 +§EIGB+%EI9C+2EI6C—%EI8 =0

:EEIGB+EEIGC—§EI6+60:O ——————— > (8)
3 3 4



And, M, +Mge+Mcp+Mpe= %EleB—gEla + EleB—gEla + 2EIOC—%EI8

+EI0.~ SEl
4
:gEIGB+3EIBC—%EI8:O ——————— >(9)
From (9) EIS = g(gEIOB +3E|ecj

Substituting value of EId in (7)

TE10,+2E10,-> | 2[ 2 E10, +3E10, ||-60 = 0
3 3 8l9ol2

7 2 1 1
§E|95+§EIGC—ZEIGB —EEIGC - 60 = O

25 1

—EIlo;+—=EI6.—60=0 ——e - > (10

12 B 6 C ( )
Substituting value of EId in (8)

2E10,+ P E10,- 2| 23 k10, + 3810, | |+60 = 0
3 3 8|92

2 10 1
5 E10s+— Eloc—_ El6, ~El0, +60 =0

%EIOB+§EI9C+6O =0 SR > (11)

Solving (10) & (11) we get EI6,=31.03
By Equation (11)
EIOC=E 1EIeB+60
7.6

=-27.3
Now

Eld = g(gEIGB +3EI9C] =-16.55

Now
El6; =31.03, EI6.=-27.3, EI6 =-16.55



Substituting these values in slope deflection equations,
The final moments are:

Mg = %(31.03)—%(—16.55) = 21.72 KNM

Mg, = 31.03 —g(— 16.55) = 37.24 KNM
Mg = —60+%(31.03)+§(— 27.93)=-37.25 KNM

Mgg= +60 +§(31.03)+%(— 27.93) = +43.43 KNM

M= 2(-27.93) —%(—16.55) = —43.45 KNM

Myc= —27.93 —%(— 16.55) = —15.52 KNM
DO Kn
27-25 l
& C b Sl
P &
k : 43-45 K
2172 15.52
A > o g D
Voeaced
Reactions: consider the free body diagram of beam and columns
SO kKN '
3728 l 43248
B -
f N .«’1\

Re R
iy _L:r———  ENC H-. ______‘J[C.
{f‘\*g i Sy ™

P L34S
)T R 1552
L >
A S/
_,._._._*]i - i
HA * Jl% H.D



Column AB:

H, = 37.25+21.72 _14.74 KN
4
Beam BC:
R, - 37.25—43é45+80><3 _38.97 KN
- Rc=80-R; =41.03
Column CD:
H, = 43.45+15.52 _14.74 KN
Check:
>H=0
Ha+Hp=0
14.74-14.74=0
Hence okay
- |
39,685 —#~
j +
BT-28 i : @
: 43-4%
-
— /20 —

¥\ 2l 4 |55

2 M D
n KNM .




Ex: Portal frame shown is fixed at ends A and D, the joint B is rigid and joint C is
hinged. Analyse the frame and draw BMD.

20 kN
2 l o 1
21
1 1 A
A Furas mq-;yD?‘—‘

Solution:

FEM’s:
Foc = V\Q‘ - 289%6 __goknm
Fep =+%= 806 _  6oknM

Here 0, =0, 0, =0, 0, #0, O #0, O #0

Since C is hinged member CB and CD will rotate independently. Also the

frame is unsymmetrical, will also have sway. Let the sway be towards right.

The slope deflections are:

M, =F.q +?[29A +0, —?J

=O+E[O+6B —ﬁj
4 4

1 3
= ZEI, - =EI5 ————>(1
5%~ (1)



Mgy = Fan +?(298 +0, —%)

:0+E(2GB+0—§]
4 4

:EIGB—gEIS ————>(2)

2El 36
MBC = FBC +T(268 + GC —TJ

=60+ % (20, +0s)

4 2
=—60+§EIGB+§EI6CB -———>(3)

2El
MCB = FCB + T (Zecs + eB)

= +60 + % (265 +6;)

=+60+£EIOCB+EEI6B -————>(4)
3 3
2E| 30
Meo = Fep +T[26co +6p _T]
2El 3%
=O+T(29CD +0—7J

:EIGCD—gEIB ————>(5)

Mpe =Foc + ? (ZGD +0cp —?j

:O+%(O+9CD—37EJ
=%EI6CD—§EI6 -———>(6)

In the above equations 6, 6., 6., and & are unknowns. According the
boundary conditions are

l. Mga+Mgc =0,
[l MCB = 0,
. Mcp =0,



IV. HatHp =0
MAB + MBA + MCD + MDC — O
4 4

I..e,

My +Mgy + My +Mp. =0

Now using the boundary conditions:
Mg, + Mg = EI6; —%EIS— 6O+%EIOB +§EIGCB

=ZEIOB+§EIGCB—§EI8—60 =0 > (7)
2 4
Mes =5 Elf + Elfg, +60 =0 ————>(8)

MCD:EIGCD—gEIS:O ————>(9)

Mg + Mg +Mgp +Mye zlEleB—gEls + EIOB—%EI8+EI0CD—§EI8+%EIOCD—%EIS:O
:§EIOB+§EI9CD—§EI8:O ————>(10)
3 o> (11)

From (9)EI6 = §EI6

Sub in (10)
3 3(3 3
My +M, +Mo +M, . =—EIO, +—| —EId |-—EI6 =0
AB BA CD DC 2 B 2(8 J 2

~3e0,-Pris-0 ————>(12)
16

Equation (12) gives EId = %xgEIGB = %EleB —-——->(13)

Substituting in Equation ( 7))

7 2 3(8
Mg +Myg = ~E10; + = Elfg, —g(gElij—ao -0

7 3 2
=[-—ng|@B +2 Elog; ~60

3
26 2
= o 10+ Elog; 60 =0 ————>(14)



Substituting in Equation ( 8 ) and multiplying equation (14) by 2 we have
2 4
§EIGB +§EI9CB +60=0

52 4
1¢ E105 +—El0g; =120 =0

—EEIGB +180=0
15

~EIf, =180 x> = 64.29
42

From(13) EIs = gEIOB = %x 64.29 =102.864

From (11) El0., = gEIS =38.574

From (7) El0g, = —ggEleB —gEla—ﬁoj

_ 31 6a20-3x102.864-60
2(3 8
= -77.165
El0, =64.29, El0., =-77.165  EI0., =38.57, EI5=102.864

.. Final Moments are

M, = %(64.29)—%(102.864) = —6.42 KNM

Mg, = 64.29 —%(102.864)= 25.72 KNM

Mg = —60 +%(64.29)+§(— 77.165) = —25.72 KNM

Mgg = +60 +%(— 77.165)+§(64.29) =0

Mg, = 38.574 — g (102.864)=0

M = %(38.574)—%(102.864) =-19.29 KNM



SO KN .
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Reactions: Consider the free body diagram of various members
80 ku
25«72 l
B .
iy s \
R <.
E ‘:4_ sk H% HF) *-—'5-“ =]
TN as.72
4% w2 U729
A 5
N ESmaam
HA f % M\D
Ra RD
Column AB:
H, = 25.712-6.42 =4.825 KN
Beam BC:
R _ 25.72+(80x3) _ 44.29 KN

B

R, =80-44.29 = 35.71KN



Column CD:

Hy = % ~ 4.82KN
Check:
2H=0
Ha+Hp=0
Hence okay.
O F]3
a8.72 |— ki
|
+ | /2.29
2 ™MD
fn RKN-M .
A4 149K
,.l_-
38T ko
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L1 48 2ka A2 K
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Example: Analyse the portal frame shown in figure the deflection method and
then draw the bending moment diagram

IS Ra

2 o KM m = L
B Wm

- S 1 I =
mn
4 1 r
o P
A rEr SEm PP Sipa
7 4 +

Fig
Solution:

The frame is unsymmetrical, hence there is a sway. Let the sway be
towards right.
0,=0,0#0,0.%0,0,=0

FEMS:
2
Foom — 205" _ 4167 KNM
12
2
=+ 29X5 41,67 KNM

Foe= —15x2 = —30 KNM

Slope deflection equations



2E| 38
M,z =F s T(ZG”GB_TJ
:0+E(0+98—§j 0.5E10,—0.375EI5
4 4
MBA_FBA—}_?(ZGB eA_ﬁj
o+ 2E 2eB+o—§ = EI0,—0.375EI5
4 4
2E|
Mgc=Fgc+ (29 9)
= -41.67 +M(2es+ec) = —41.67 +1.2E10,+0.6E16,
Mce=Fce+ 2 (26 9)
= +41.67 + M(2@ +0, ) = 41.67 +1.2E10.+0.6E16,
Slmend
_0+2H 260, +0-3° = EI0.—0.375EI5
4 4
, 2l 38
M, =F 20, +0.— —
DC DC L ( Lj
=0+E(0+9C—§] 0.5E10.-0.375E18
4 4

In the above equation there are three unknowns 6;, 6. and &, accordingly the

boundary conditions are,

Mgs+Mg=0
Mcg+Mp+Me =0
H,+H,=0

1.8, Mg +Mg, +M ;M= 0



Now,
Mga+Mg=0

El6;—-0.375E16-141.67 +1.2E10,+0.6E16.=0
=2.2E10,+0.6E16.-0.375E16-41.67 =0

And, Mgy +Mcp=41.67 +1.2E10.+0.6E10,+E10,~0.375EI5 — 30 = 0
= 0.6E10,+2.2E10,-0.375E15 +11.67 = 0

" Mg +Mpc +Mp+M=0
0.5E10,—-0.375EI15 + E16,-0.375EI6 + 2E10.-0.375EI6 + 0.5E10.-0.375E15 = 0
1.5E10;+1.5E10.-1.5EI6 =0

Solving the above equations
we get, EI6, =23.98, EI6. =-9.36, EI5 =14.62

Substituting these values in slope deflection equations, we have
M, =0.5(23.98) - 0.375(14.62) = 6.50 KNM

Mg, = 23.98 - 0.375(14.62) = +18.50KNM
Mgc= —41.67 +1.2(23.98) + 0.6(— 9.36) = —18.51KNM
Mcg=+41.67 +1.2(- 9.36) + 0.6(23.98) = +44.83 KNM
Mgp=—9.36 — 0.375(+14.62) = —14.84 KNM

Mpc=0.5%x-9.36 - 0.375 x14.62 = -10.16 KNM

Mg = —30 KNM
20kMNIm s
+ r"“\/"v—\/\’%c 7 i l’
& \Y - Aty Ot St
1250
Pyl

k) lelli<
AT @50 \_,:-‘g

177777 Veccea




Reactions: consider the free body diagram of beam and columns
1850 aoki/m . G486

Gf:ém ﬂ%mﬁf}c

R@ Qa
24 $=
Ty [~
/8-S0 1486
¥ eso foelt | 4
A D
—— r&—-—
H& *’ 4 i"iép
e a7s
Column AB:
H, = 18.5+6.5 =6.25 KN
Span BC:

_ 44.83-18.5+20x5%x2.5

5
. Ry=20x5-R. =44.73

=55.27 KN

RC

Column CD:

H, = 10.16 +14.84 _6.25



Check:

2H=0
Ha+Hp=0
>=0
Hence okay

18-60




Example: Analyse the portal frame shown and then draw bending moment
diagram.

Q-C'."Kﬁ-lfm
;rLE’ --v“v‘(r‘:"“\r"\w c
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D
A A

Solution:

It is an unsymmetrical problem hence there is a sway be towards right
0,=0,0,#0,0.%0,0,=0

FEMs:

2

2
Foo-WE_ 20657 4167 KNM
12 12
2 2
Fo- W0 2065 4167 KNM
12 12

Slope deflection equations:
2E| 35
MAB = FAB—I—T(ZOA—'_OB_TJ

0+ E(O +63—§j
3 3

2 E10,- 2 EI5
3 3

2E| 30
MBA = FBA+T(26 +0 —T]

B A

=0 +E(298+0 —ﬁj
3 3

~2Ei0,-2E15
3 3



Mg = FBC+?[ZBB+6C—%j

-41.67 +

2E x1.51 (298+9C)

= -41.67 +§E|eB+§E|eC --------- > (3)

Mg = FCB+?(29C+GB—?J

41674 2E><1.5I(

20.+05-0)
= 41.67 +1.2E10.+0.6 Elo, ~  -------- > (4)
MCD:FCD+?(2GC+9D—%j

=0 +E(29C+O—§j
4 4

= EI0.—-0.375EI8  eeeeee-e- > (5)

Mo = FDC+?(26D+6C—%J

0+ %(O +6C_§j

4
= 0.5E10.-0.375EI85 ~  ---e------ > (6)
In the above equations there are three unknown 6, 6. and dand accordingly the
Boundary conditions are:

Mg, +M_.=0
M+M =0
H,+H,=0
|e I\/IAB +MBA + MCD+MDC — O
3 4

4M,;+M,, ) +3(M,+M,.) =0



Now

MBA +MBC =0

2 E10,- 2 E15+ S E10,+ S E10,-41.67
3 3 5 5

2.53EIGB+§EIOC—§EI6—41.67 =0-——————- >(7)

Mcg+Mp,=0

41.67 +1.2E10,+0.6E16,+E10.—0.375E15 =0

41.67 +2.2E10.+0.6E16,-0.375EI6 =0 ——— — — — > (8)

MAB +|\/lBA + IvlCD—H\/IDC
3 4

4 ZEleB—zE|8+fE|eB—3E|8 +
3 3 3 3

=0

3 [E16.-0.375EI5 +0.5E10,-0.375EI15] = 0

§EIOB—ﬁEIS +EEIOB—§EI6 +4.5E10.-2.25E16 =0
3 3 3 3

8ElO,+4.5E16.-7.53EI6 =0  —-—————— >(9)

By solving (7), (8) and (9) we get

El0, = +25.46
Elf.=-23.17
EI5=+12.8

Final moments:

Mg = %x 25.46 —§><12.8 =8.44 KNM

Mg, = %x 25.46 —§x12.8 =25.40 KNM

Mgc= gx 25.46 +%x (-23.17)-41.67 =-25.40 KNM

Mgg= 41.67 +1.2 (-23.17)+0.60 (20.46) = 28.50 KNM
Mgp= —23.70 - 0.375 (12.80) = -28.50 KNM
Mpc=0.5x-23.70-0.375x12.80 = -16.65 KNM



25« Lo 2 O KN
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Reactions: Consider the free body diagram

25+40 2.0 KN /g 28 5O

123 e
£ <7 4
FQ-B» Ra
3 le
“Txas.40 AT
2850
AL geuu
Ha ' “’qg\j
D
e
7R -
Ry
Member AB:
H, = 25.40+8.44 ~11.28 KN



Member BC:

28.5—20.3O+20><5><E

R, = 5 2 = 51.64 KN

SRy =20x5-51.64 = 48.36 KN

Member CD:
Hp = 28.5+16.65 1128 KN
Check:
H=0
Ha+Hp=0

Satisfied, hence okay
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Example: A portal frame having different column heights are subjected for forces

as shown in figure. Analyse the frame and draw bending moment diagram.

l CalD KM
+ & ot —+
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Solution:-

It is an unsymmetrical problem
0,=0,0,%0,0.#0,6,=0, hence there is a sway be towards right.

FEMs:
FAB:_%I:_30x4 =-15 KNM
Fao+ M _ 30x4 15 knm
8 8
FBC:—%':—GOM:-:«;O KNM
Foo+M_ 80X ahknm
FCD = FDC :O

Slope deflection equations:
Mg= FAB+?[26A+BB—?j

= -15+—2E 2 O+63—§
4 4

= -15+ EI6,-0.75Els  eee--e- > (1)



Mga= FBA+?(ZGB+6A—?j

=15+ @(ZGBN —ﬁj
4 4
=+15+2EI6;-0.75ElI6 -------- >(2)

2El|
MBC = FBc+ T (268+90)

2E x 2|

-30+ (20,+6.)

-30+2El6;+EI6.  eeeeee--- > (3)

2El
MCB = FCB+ T (Zec+eB)

2E x 2|

30 + (26.+6;)

30+ 2El6.+ElIG,  eeeee--e > (4)

Mcp= Fept ? (280+6D— %}

_ 0+E(2ec+o—§j
3 3
4 2
_ %m0 %85 . (5
3 ¢T3 (5)

Mpe= Fpc+ ? (26D+GC— %}

0+ E(O +6C—§j
3 3

2 2
= EEIGC—EEIS --------- >(6)

There are three unknowns, El, 6;,E16. & EI5, accordingly the Boundary
conditions are



MBA +MBC =0
MCB +MCD =0
H,+H,+30=0
e, Mae +l\2‘3A —60 + Mcp +Mpe
3(M,g +Mgy )+ 4(Mcp + My )+180 =0

+30=0

Now
Mgn +Mg =15+ 2E10,-0.75E15 — 30 + 2EI0,+E16,

= 4E10,+E10.-0.75E16-15=0 = —————— >(7)

Meg +Mep= +30 + 2EI9C+EIOB+§EI9C—§EI8

:EIGB+%EIOC—§EI8+30:O —————— > (8)

3(M,5 +Mg, ) + 4(Mgp Mo ) +180 = 3 (- 15 + E10,-0.75E15 + 15 + 2E10,-0.75EI3)
+4 (fEleC —EEI6+EEI6C—EEISJ+18O
3 3 3 3

= 9E10,+8E10.—9.833E15+180 =0 —————— >(9)
By solving (7), (8) & (9) we get

El0,=+9.577
Elo.=-7.714
EI5 = +20.795

Substituting these values in the slope deflection equations we get

M,g=—15+9.577 —0.75 (20.795) = —21.01 KNM
Mg, = +15+2(9.577)—-0.75 (20.795) = 18.55 KNM
Mge= -30+2(9.577)-7.714 =-18.55 KNM
Mgg=30+2(~7.714)+9.577 = 24.15 KNM

(

Mep= %(—7.714) ‘% 20.795) = —24.15 KNM

Mpc= %(—7.714) —%(20.795) = -19.00 KNM
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Reactions: Consider free body diagrams of the members

,ev‘gg’ léo‘(”?—q.|§l
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2
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20KkK
19 L2
j_loﬁ‘ J ﬂ .
Al Hy
—p
H.l'i. A RD
Ra
Member AB:
H, = 18.55-21.01-30x2 _ _15.615 KN

4
-ve sign indicates the direction of Ha is from right to left.



Member BC:

Member CD:

Check:

_ 18.55+60x2—-24.15 _ 2860 KN

IQB
4
R, = 60-R, = 28.60 = 31.40 KN

19+24.15

H, =14.38 KN

2H=0
Ha+Hp+30=0
-15.62-14.38+30=0

Hence okay
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Example: Analyse the frame using slope deflection method and draw the

Bending Moment Diagram.
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Solution: Assume sway towards right
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It can be observed from figure in that direction of moments due to sway in
member AB are anticlockwise and that for member CD are clockwise. Wise shall

be taken to incorporate the same in the slope deflection equation.

FEMS
_whi
12

2
_ XA g KNM
12

FBC:

2
Fo=+ " _ 30 KNM
12

Here 0,=0,=0

Slope deflection equations are:

MAB=FAB+?(29A+GB—?]

3 3

2 2
=§E|eB—§E|6 ------- > (1)

Mga=Fga+ ? (263+6A— %}

), 2
3 3
4 2

=5 El6— S EIS ————>(2)



2El
MBC :FBC+ T (295 +9c )

=32+ % (20,+0..)

= -32+2El6,+ElO,  -e------- > (3)

2El
MCB :ch + T (29c+es )

=432+ ? (26,+0;)

= +32+2El0.+EI0, - > (4)

Mcp=Fcp+ ? (26C+6D+ %j

220, %]
3 3

4 2
:§E|ec+§Ela ————>(5)

Mpe=Fpc+ ? {29D+6C + 3%}

2EI( 36]
= — ec+_
3 3

2 2
=§E|ec+§Ela -------- > (6)

The unknown are 6 ,0.&5 Accordingly the boundary conditions are
Mgp +Mgc =0
Mcg +Mcp=0
H,-H,+30=0
MAB +MBA _ MCD+MDC
3
Mg +Mgy —Mp—Mp+90 =0

i.e, +30=0
4 2
Now, Mg, +Mg. = § EIBB—gEIS —32 + 2EI0,+EI0,

= %EIOB+EIGC—§EI6—32 =0 ———>(7)



Mg +Mp= +32 + 2EI6C+EIOB+%EI6C+§EI8

= EIGB+%EIOC+§EI8+32 =0

2 2 4 2 4
M,.+M.,-M..—-M_~.+90 = —EIO,— —EId + —EI0,— —Elc ——EIO
aB Tlga —Vicp —IVipe 3 873 3 873 Y 3 c

—EEIS—EEIGC—EE|8+90
3 3 3

= 2EIGB—2EI9C—§EI6 +90

4

()

= El0,—E10.— ~El5+45=0 ————>(9)

From (7) & (9)

% EIOB+2EI9C—%EI6 ~64=0

EleB—EIGC—%EIS +45=0

17

?EIOB+3EI0C—109 =0 ---

By (8) and (9)

2EIGB+%EI6C+§EI8 +64=0

EleB—Elec—gEly +45=0

17

3EIOB+?EIOC+1O9 =0 ---

By (10) & (11)

%EIGB+3EI9C -109=0

%EIOB+3EI6C+S7.71: 0

208
17x3

El10,-166.71=0

E10, = 166.71x17x3 _ . 40.88

208




From (10)

Elec:1{109—£EleB} = -40.88
3 3
From (9)
EIS = % [E10,—E10.+45]
= % [40.88 — (- 40.88)+ 45] = +95.07
Thus . El0,= 40.88, El0.=-40.88, EI5 = 95.07

Substituting these values in slope deflection equations

Mg = %(40.88)—%(95.07) = -36.12 KNM

Mg, = %(40.88)—%(95.07) = -8.88 KNM

Mgc= —32 + 2(40.88) + (- 40.88) = 8.88 KNM
Mgg= +32 + 2(— 40.88) + (40.88) = —-8.88 KNM

Mcp= % (- 40.88)+§(95.07) = +8.88 KNM

Mpc= %(— 40.88)+§(95.07) = +36.12 KNM
D
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To find the reaction consider the free body diagram of the frame
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Reactions:
Column AB
H, = 8.88+36.12 _15KN
Beam AB
+8.88—8.88+24><4><i
R, = 2 — 48 KN
4
R =24x4-48 = 48 KN
Column CD

 8.88+36.12

H, =15KN



Check

2H=0
Ha+ Hp +P =0
-15-15+30=0
Hence okay
202
e
3+88
B. 28 | = X ey

228 .







