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CE 411: Structural Analysis and Design II
DIRECT STIFFNESS METHOD
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TWO-SPAN BEAM EXAMPLE: Hand calculation process
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Hand calculation process

Superposition Eqn.
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CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD v

TWO-SPAN BEAM EXAMPLE: Hand calculation process

Superposition equation: P; = P, + KU
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DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE:

CE 411: Structural Analysis and Design I1

Calculation of member end shear and moments by superposition
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DIRECT STIFFNESS METHOD

CE 411: Structural Analysis and Design II

Restrained structure
Fixed end moments
and shears
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TWO-SPAN BEAM EXAMPLE: Shear force and bending moment diagrams
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD
TWO-SPAN BEAM EXAMPLE: Formalization

Joint Load Vector, Pi
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CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD v
TWO-SPAN BEAM EXAMPLE: Formalization

Member Load Vector, P,
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Formalization

Displacement Vector, U
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DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Formalization

Determination of stiffness co-efficients, k,-j
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

u, Ug
/?\“4 /T\%
A 16 ft, EI ]I3 20 ft, 2E1 é
/\kzz
"t s s
12 32 52
4ET 2EI
16 -
K\_l\l |
A 7 !
Fosr 1 |

Dr. K.M. Amanat Dept. of Civil Engg.

CE 411: Structural Analysis and Design II
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Formalization

Determination of stiffness co-efficients, k,-j
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD
TWO-SPAN BEAM EXAMPLE: Formalization

Determination of stiffness co-efficients, k,-j
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CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD w
TWO-SPAN BEAM EXAMPLE: Formalization

Determination of stiffness co-efficients, k,-j
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Formalization

Determination of stiffness co-efficients, k,-j
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DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Formalization

Superposition equation

P; = P, + KU
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Global Stiffness Matrix, K
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Formalization

Superposition equation

After putting values of the elements of matrices..

1 2 3 4 5 6
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CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD W

TWO-SPAN BEAM EXAMPLE: Formalization
Row interchange: R';=R,;R,=R,;R;=R; R, =R,
Rows of P;, P, and K are moved/interchanged. Sequence of U do not change.

1 2 3 4 5 6
_ o T 4 2 1 -
0 91.41 iz — —iz il 0 0 0] 1
16 16 16 16
6 2 6 12 4 8 12 4
28 4516| | =~ <~ _°> < * 9% 2 2 iy | 2
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CE 411: Structural Analysis and Design I1 n
DIRECT STIFFNESS METHOD W

TWO-SPAN BEAM EXAMPLE: Formalization

Column interchange: C';=C,;C,=C,;C3=Cy; C',=C;4
Only columns of K are moved/interchanged. Sequence of U is changed.
Then we do matrix partitioning.
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CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD W
TWO-SPAN BEAM EXAMPLE: Formalization
2 4 1 3 5 6
o0 1 [91.41] [ i i Ii _i 0 J -
Known : 16 16 162 162 2| 2 Unknown
nodal : nodal
2 4 8 6 6 12 12 4
28 . L 2002 2 0e e 2
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The above equation can be written in short as follows
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Formalization

Submatrices of the partitioned matrices

0 91.41 4 2 6 6
P,= Pou= — |16 16|, 16° 16
-28 45.16 uu 213 K, =
16 20 6 6 12
7 T2 to3
16> 16% 20
" Ry ] [26.66] 6 6 ] 1212
16° 167 16 16
Rgy —52 423 6 6 12 _1z 12 24
P, = Por= K = 16" 16° 20° |, 16 16° 20°
Rey 30 ru” _12 K=l 2
20* 20°
oM | -100 | 0 4 0 12
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DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Formalization

We can write,

P],ll Pm,ll Kuu : Kur Uy
— = ——= |+ ——F+—— || Pj,u = l:’m,u + Kuuuu + Kurur
Pi:r Pm,r Kru : Krr LN Pj,r = Pm,r + Kruuu + Krrur
From (1) we have
u, = Kuu-ll:Pi,u - l)m,u - Krrur]

For the present case, u, = [0], therefore, eq.(1) becomes
P]',u = Pm,u + Kuuuu

Putting values of the matrices,

0 91.41 A 2Ty u, | [-3423
16 16
= g | - ) El
28 45.16 2 By, u, | | -46.73
16 20

Dr. K.M. Amanat Dept. of Civil Engg.

0 0
EI
1z 4
20¢ 20
0 0
12
3 2
20 20 El
24 12
203 207
12 8
202 20 |
BUET, 2018
(1)

(2)

BUET, 2018



CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Formalization

Support reactions:

Since u, = [0], therefore, eq.(2) becomes
Pj,r = Pm,r + Kruuu

Putting values of the matrices,

_ - _ - 6 6 ] - o=
R 26.66 — — R 17.54 |
AY 162 162 AY
6 6 12
Rgpy —52 42.3 —— Tt —-342.3 Ry 102.06
16 16 20 1 _
= + 2 ! 0o B
Rey 30 0 -— —46.73 Rey 31.40
20
4
M, -100 0 — M; | |-109.35
- - (. = i 20 L - L
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CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD W
6EI
STIFFNESS OF A BEAM ELEMENT 5 CEl
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L
P2 P4 u _ 1 m
: : 2
1 2 T 6EI OFT l
2 L?
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1 2 3 4 6E1 L2
- - | 12EI  6EI 12E1  6El |- - L? , _fl
Py 3 2 3 2 ||% us; =1 u
L L L L l
b 6EI  4El  6El  2EI || 128l 128l T
2 ~ Lz L Lz L 2 L L
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

STIFFNESS OF A BEAM ELEMENT
2i-1 2 21 2

L L L L
Up; Uy;

GEI  4EI_GEI 261

12E1 6El 12EI 6El

6EI 2EI 6EI 4EI
Py; P P, — 5 || U

: : R L Lt
I J
Element Stiffness Matrix Element Destination Vector
) 2i-1 2i 2j-1  2j ) F0i 1]
12E1 6E] 12E1 6E1 .
3 2 T3 2 2i-1
L L L L 2
6EI 4E] 6EI 2E1 9
e — - e 1
K- I L I? L 2j-1
12EI 6EI  12EI 6EI 2i1
3 2 3 2 J- 2j
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DIRECT STIFFNESS METHOD W

TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation

o 02K
l ﬂ?\m I Me
1. 6ft 1ft "y 3 3 3 1 1 g3
16 ft, EI 2 20 ft, 2E1
T T Total d.o.f.= 6
R,y TRBY R,y Size of Global Stiffness Matrix = 6x6
u u u - - - _ — - —
$ " 16 £t EI $ Y 206t 2E A © | P Ry Pt 26.66
! @ : @ ’ P P 91.41
P, P, Py j2 0 m2 :
,/T\sz ,/T\PM ,/T\Pfe Ps| |Rgy 52| |Pm3| | 1234+30
1 © 2 @ 3 Py 98 P..| |-54.84+100
39k
91.41 54.84 100 100 P, R P 30
B 3 k/ft N Js cy m5
Ag( l AT 8K T 2 N +)¢c
t tT t _Pj6_ L MC | _Pm6_ L -100 |
26.66 12341 130 30

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Formation of element stiffness matrices

Uy

Uus

u u
r/T_\Z 16 ft, EI r’?\“

20 ft, 2E1

®

A\@A\

EI 16 ft
Element-1 Stiffness Matrix

1 2 3 4

. | 12E1  6El  12EI  6EI
16> 162 16> 162

, | GEL  4El  6El  2EI
16% 16 16 16

_12El  6EI  12E  GEI

3 16> 16> 16° 162
, | GEL 2Bl 6EI 4l
| 162 16 162 16
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2EI 20 ft

3

Element-2 Stiffness Matrix

3 4 5
[ 24E1  12E1  24El  12EI |
20° 20° 200 20°
12EI  8EI 12EI  4EI
20° 20 20° 20
(24El  12El  24El  12El
203 202 203 20°
12E]  4EI 12EI  8EI

| 202 20 202 20
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DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation

Assembly of element-1 stiffness matrix in global matrix

Element stiffness matrix is
assembled into global matrix in
accordance with destination

vector of the element.

Element-1 Stiffness Matrix

1 2 3 4
[ 12E1  6EI 12EI  6EI |
16> 162 16> 162
6EI  4EI 6EI  2EI
162 16 162 16
12EI  6EI 12EI  6EIl
16> 16* 16° 16°
6EI  2EI 6EI  4EI
162 16 162 16 |
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Assembly of element-1 stiffness matrix in global matrix

Global Stiffness Matrix

Element stiffness matrix is

assembled into global matrix in 1 2 3 4 > 6
accordance with destination 1 12E1 6EI 12E1 6EI
vector of the element. 163 162 163 162
2 6EI 4EI 6EI 2EI
Element-1 Stiffness Matrix 162 16 167 16
1 2 3 4 3 | 12EI| 6EI | 12EI | 6EI
1 [ 12EI  6EI _12EI  6EI i 163 | 162 163 162
163 162 163 16°
L | 6EL 4Bl _6EI 28I g | OEL | 2EL | EDL AFI
- 2
. Ve 16 16 16 16 16 16 16
' o | _12EL _GEL 12E1 _G6EI
16> 16*2 16° 162 5
4 6EI 2E] _6EI 4FE]
| 167 16 16> 16 |
6
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DIRECT STIFFNESS METHOD W
TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Assembly of element-2 stiffness matrix in global matrix
) . Global Stiffness Matrix
Element stiffness matrix is
) . 1 2 3 4 5 6
assembled into global matrix in
accordance with destination 1
vector of the element.
Element-2 Stiffness Matrix 2
3 oo e T 777 X7 77V77
3 | 24EI  12EI  24E1 12El | 3 JINS SIS S SN S S
20° 202 20 20° [NV
A 121:;1 8EI _121:;1 AE] . JINSSINS SN S
K, = 20 20 20 20 JSIN S S SN
24EI 12E1  24EI 12E1 / / / / / / / /SN S/
5—3 202 203 —202 77 717 7 7 77 7 77 7
20
12E1 4E] 12E1 8EI 5 // /// /// //
6 . - JSIN S S SN
L 20 20 202 20
SINS SV S
6 JSIN S S SN
JSINS S SN S S
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Assembly of element stiffness matrices in global matrix

Global Stiffness Matrix

Element-1 Stiffness Matrix 1 2 3 4 5 6
-1 2 3 + 12EI 6EI 12EI 6EI
12EI  6EI  12EI  6EI e OEL | _ 12 oLL
1 - — — — 163 162 163 162
16 16 16> 16
o | GEL  AEI 6EI  2EI
— . T2 7 6EI AEI 6EI 2EI
K o le o 1en o 2| 1@ | 16 |"1¢ | 16
; 12EI  6EI 12EI  6EI
3 2 3 2
6El  2EI  6EI  4EI 3 | 128 6El | g7 - 162 24E] 12EI
4 | 162 16 16> 16 | - 163 162 L24EL 12E1~ 508 207
203 202
. - 6EI | 4E1
Element-2 Stiffness Matrix 6EI 261 | -1 | 1c e | aEr
-3 4 5 6 4| 162 16 12EI 8EI | —Soz 20
| 24EI 126l 24El  12E1 ] — orl 202 20
203 207 20 20° 20 20
4 12E1 ﬁ _12EI ﬂ 24EI 12EI +24EI . 12EI
K 202 20 2072 20 5 - 203 - 202 203 202
2 ; 24E1  12EI 24El  12EI
203 202 208 20?
L 20? 20 202 20 |
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CE 411: Structural Analysis and Design II
DIRECT STIFFNESS METHOD
TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Compare global stiffness matrix formed by different methods.
Global stiffness matrix by Global stiffness matrix by
principle of superposition direct assembly
1 2 3 4 5 6 1 2 3 4 5 6
[ 12 6 i
1| 12 6 — — 0 0 1| 12En | eEr | 1261 | eI
16° 16 16 16 168 | 162 16° | 162
, | 6 4 __6 2 0 0 6EI 4E1 6EI | 2EI
- J— 2 16 2 — - - R
162 16 16 16 16 16 16
24 12E1 6E1
3 | 12 6 12,2 6 12 _ = +1—22 3 | _12E1 | 6EI |G | T 1 | 24Er | 12E1
18 12 168 20° 16> 20 20 20 16t | 1e? 2461)  12E1| "S5 | 307
EI 203 202
6EI
6 6,12 4 08 124 T RTINS R g
162 16 162 20? 16 20 20 20 167 16 LA2EI| TUBEI| T | S0
202 20
24 12 2412 24E1 | _12E1 | , 24E1| _12EI
0 203 202 20° 202 208 | 202 203 | 202
12 4 _12 8 12E1 4Bl | 1261 | 8EI
L ° 202 20 200 20 | 200 | 20 | 200 | 20
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018




CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation

Shear and moments at member ends Apply the superposition equation

30k 2K _— F,=F, .+KJU,
v 3 k/ft T
1 ef l 106 /V O T T S T for individual members.
16 ft, EI ) 20 ft, 2EI v
For member-1: For member-2:

U, Us Us
| 16 ft, EI | 20 ft, 2E1 16 ft, EI | 20 ft, 2E1 °
I T
1 ©) : @ @ 2 @
Fiq Fi3 Fy Fys TF21 Fy3

A s \T: i i ™
1 @ /2 @ /3 1 @ / \

L _ 5 4

—
\\ .:‘7
:]H
N
i
S
| 4 7
w
oL —» oL

2 © /3
39k 39k
91.41 l 54.84 00 3 k/ft 100 91.41 l 5484 p B! 100 3 k/ft 100 C
Ayl \g\++++++\gc Ayl AY K++++++\g
7N Restrained 7N\ Restrained 4 v Restrained
f26.66 12.34 1?30 structure 30f ?26.66 structure 12.341 130 structure 30?
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018
CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD W

TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Shear and moments at member ends

For member-1: F,=F,.+ KU,
u Us - 4 rn o | 12E1  6EI  12EI 6EI |- -
A\Uz “A\ Fy Foit 3 2 3 2 ||
! 16 ft, EI | L L L L
' ! 6EI  4FEI 6EI  2EI
1 @ 2 Fi, =P 7 7 T || %
v - L L L L
FuF B 13 v F 12EI  6El  12EI 6El
/ 12 14‘\ 13 m13 & 2 3 _L_Z Us
' 1 6EI  2EI 6EI  4AEI
1\\ @ / 2 | Fia | | Fna | L_Z a _L_Z L LUa

39k
91.41 54.84 - 1
B L [ 1281 6Bl 12E1 6EI |f 1

l \% Fy] [ 2666 — - — | 0

16 162  16° 162 1754 | < shear-1

g \ Restrained 4
= 6EI  4EI 6EI  2EI || 3423
126.66 structure 12_34f Fy, 91.41 — — — — |T' 0

< moment-1

= + S
12EI  6EI  12EI 6FI
F, 12.34 0 21.46 }
13 16° 162 162 162 & shear-2
6EI  2FI 6EI  AEI 46.73
F -54.84 - = = |=——=—1 |-109.4 ,
Lf1a] L J 162 6 162 16 | E 1L | < moment-2

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Shear and moments at member ends

Fe = Fme + KeUe

g1 (g7 | 12E  6EI  12EI  6EI
For member-2: 21| | Fm2t 5 2z B 2|
u 6EI  4FI 6EI  2EI
UBU 5 FZZ Fm22 _2 T __2 T Ll4
! 20 ft, 2E1 6 = o L L
: t : B v 12E1  6EI  12El  6EI|
3 @ 3 23 m23 IE 2 3 2 5
o Fad g, | g, | | SEL 2B _6EL 4EL |
T/ FZZ FZ4 ‘\T L 24 | L* m24 | | LZ L L2 L. IS 6
; - - o | 24E1  12EI 24E1  12EI | - -
2\ @ 3 Fy 30 3 >~ T3 > 0 286 | €shear-1
20 20 20 20
12EI  8EI 12EI  4EI 46.73
g 100 3k/ft 100 C Fy, | | 100 = - || -=£= 81.31 | € moment-1
T 3 3 3V VW - 20° 20 20° 20 Bl
24E1  12EI 24El  12EI
Restrained AV Fys 30 - > 3 - 0 31.4 & shear-2
t30 structure 30 20 20 20 20
12E1  AEI 12E1  8EI
F,, -100 — - — 0 -109.35| €< moment-2
- - - L 20? 20 20? 20 | - -

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018

CE 411: Structural Analysis and Design II
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM EXAMPLE: Direct Stiffness Formulation

It is observed that the global stiffness matrix can be formed by direct
assembly of individual element stiffness matrices with appropriate

destination vector.

Once the global stiffness matrix is formed, rest of the procedure is same

as before -
a.

and form two matrix eq. (1) and (2)

© oo o

Dr. K.M. Amanat

solve for the unknown DOFs from eq. (1)
find the unknown support reactions using the eq. (2)
find shear force and bending moment at member ends
draw the shear force and bending moment diagrams.

Dept. of Civil Engg.

we do matrix partitioning on the basis of known and unknown DOFs

1
\3¢/
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation

15k P R
M, & 1/ E constant 24 kip-ft ip ! | Total dof= 8
4 /t '/\ ' P2 M
A:l 1 7 1 1 1 1B C D A
) 21 ”i’ I ”z’ I ”z’ P3| 1 Rey | Unknown dof=3
12' 15' 13’ P 0
| 1 1 T o |Pe|_
R,y Rgy Rey Rpy V7P| | Ry | Global matrix
/Rl /T\u:“ /T\US /T\u7 ol |24 Sme=®e
1 2 3 4 Ps] [ O
| Z ‘ 4 ‘ - ' P P,, 54 u, 0
1 2 3 4 P, . 27 uy | | 0
15 ki p_ P4 _ -54 U Uy _ Uy
54— 4.5 k/ft > 54 7}7 7'}3 L " P 8.364 Us 0
4( VLl lHB Cs/ N\&D P 26.1 u u
AF = SAY 7R mé 6 6
I I Restrained I 26.1 22.37 )2 ; 6.636 u, 0
27 27 structure g .
8.364 6.636 Pl |-2237] ug | | ug |
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018

CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD @
THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation

15 kip

45 K/ft E constant '2/4_21) -ft -,
1 EI'. V1 ”%72 ngr ”974
21 I I
L @ 1 \/ @ ' L @ 1 L
i 12 7 15 7 13 7

Uy Us Us Us
u, Uy, Ug u
\
1

@ 2 @ 3 ® 4

Joint co-ordinate Member connectivity Member destination

matrix matrix vector

Node x y Memb i j Memb  2i-1 2i 2j-1 2j

110 0 1 1 2 1 1 2 3 4

> 112 | o 2 2 3 2 3 4 5 6
3 3 4 3 5 6 7 8

3127 (0

4 140 | O

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1 n
DIRECT STIFFNESS METHOD W

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation

E constant 24 kip-ft 15 kip
4.5 k/ft — Jﬁ y %
1 ily' P11 ”%72 ﬂgr ”974
21 (:) I (:) I
| @ ' L ' 2 - |
i 12 T 15 7 13 7

| U, | Uy Ug g
1 @ 2

® 3 ©

1 2 3 4 3 4 5 6 5 6 7 8
1| 24E1 2Bl 24El 12EI ] 3 [ 12E1  6EI  12EI  6EI | 5[ 12E  6El  12El  6EI |
123 122 123 127 15%  15? 15%  15? 13° 132 13* 137
,| 12EL  8EL 12B1  4EI 4| SEL  4EL 6B 27l 6| OE 4B G 2
K. < 12° 12 12212 | 15° 15 152 15 K. - 13? 13 13> 13
! 24E1  12EI  24El  12EI| * o | 12E 6El 12EI  GEI 5| 12B1  6EI 12El  GEI
3713 122 123 122 15° 152 15° 15° 132 132 133 132
1261 4EI_12EI  BEI 6| OFL 2Bl _GEL 4HI g| OFL 2L _GEL  4HI
4_ 122 12 122 12 | | 15° 15 152 15 | | 13? 13 132 13 |
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018
CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD W

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Global stiffness matrix

1 2 3 4 5 6 7 8
1| 24 12 24 12
12° 122 %7 122
Element-1 stiffness matrix
2| 1z 8 _12 4
1 2 3 4 122 12 122 12
1'2451 12EI 24E1  12EI |
123 122 125 122 3] _24 _12 | 24 12
123 2 123 122
| 12EL BEL _12E1 41 i
K. = 12 12 12 12 4 12 4 12 8
! ; 24E]  12EI 24EI  12EI 2 o | 122 2
123 122 128 122
12EI  4EI  12EI  BEI 5
4_ 122 12 122 12
6
7
8

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1 n
DIRECT STIFFNESS METHOD W

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Global stiffness matrix

1 2 3 4 5 6 7 8
1| 24 I N
123 12° 12° 12°
Element-2 stiffness matrix
2| 12 8 1z 4
3 4 5 6 122 12 122 12
3[ 1261 6Bl 1281 6B | gl a | w2 |5 bE | 2 | s
15% 157 15% 152 123 122 ol | 152
4| OEL  4EL_6EI  2EI Z |
215 215 al 2 2+ 2| S 2
K, = 15 15 122 12 , O e 15° 15
5 12E1 6El  12EI 6E] 152 15
15° 15 15° 152 . - - 1 6
6| 6B 28 _em  am 0| T | |
L 157 15 152 15 |
6 6 2 _6 4
152 15 152 15
7
8
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018
CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD w

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Global stiffness matrix

1 2 3 4 5 6 7 8
1| 2% 1z 24 12
128 122 128 122
Element-3 stiffness matrix
2| 12 8 _12 4
5 6 7 8 122 12 122 12
[ 12EI  6FI 12EI  6EI | 24 _ 1z
i A ot v R
13 13 13 13 123 122 ‘*‘F +F 153 152
6| 6Fl 4EI  6EI  2EI - -
2 2 12 o7 — 6
K3 _ 13 13 13 13 4 F 4 122 6 112 4 —F -;—i
7| 12EI  6EI  12EI 6El 12 T BT 15
133 13* 13 132 12 6
5 12 6 — 52 12 6
g| 6El  2EI 6El  4EI o | e |15, 02| 15 6 o —
| 132 13 13?2 13 | 133 13
6 — 21576 |15 4| — Z
15 15 +§ +§ 13 13
7 _ 12 _6 A2 6
133 132 133 132

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1 n
DIRECT STIFFNESS METHOD W

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation

P,=P, +KU
1 2 3 4 5 6 7 8
R,y 27 | 2| 2|l | 1z 0
12 12 12 12
M, 54 20 12 8 1z 4 0
122 12 122 12
L | 12 - .
Rpy 27 3| & | 12|18 2| 122 e | S | 2 0
E il 2 3 2
123 122 +153 +152 15 15
1z s .
0 _ 12 4 122 12 . 2 u
& o1 12 — R BT 15 4
- . 15 15
12 6 12 -5 12 6
e 2 |qe3 152 =L o
Rcy 8.364 5 153 sz |15 +£3 +L2 135 132 0
13 13
6 6 + * 6 2
— 2 | s 15 — £
24 26.1 6 152 5| S ] PR T | i Ug
13 13
” 12 f 6 | 12 6
Rpy 6.636 13° 132 133 132 0
6 N2 IR B
0 -22.37 8 132 13 13 13 Ug
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018
CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD w

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Shifting rows 4, 6 and 8 to top

1 2 3 4 5 6 7 8
12 8 p
_ 12 - —
0 54 1 — 4 122 6 |12 4 Tz +l 0
12? 12 +— +— 15 15
152 15
6 L A 6
24 26.1 2 t— + 2 152 6 | 15 4| ——5 = 0
15 15 T 3 13 13
6 2 6 4
0 -22.37 3 - 2 -2 4 0
13 13 13 13
24 12 24 12
R 4| == = | == — u
Ay 27 123 122 123 122 4
= +
5| 12 8 _12 4
M, 54 122 12 122 12 0
24 12 - .
6 24 12 | - 12 6
et = 12 12 ] 12° 6 +
Rpy 27 128 122 o T i 152 Ug
12 6 12 — 12
7 o |15 12| 15t e | 2| &
Ry 8.364 15° 152 e v 133 132 0
8 _12 _6 | .12 _6
Rpy 6.636 133 13 133 132 ug

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Shifting columns 4, 6 and 8 to left and partitioning

4 6 8 1 2 3 5 7
8 12
0 54 417 4| 2 2| e | | 8 u,
+— 15 122 12 G+ 15
15 152
4 6 .
24 26.1 6 % 15 4 % +% 152 6 ] Ug
13 132
6 6
0 _ 8 2 4 6 _6 u
22.37 13 13 132 132 8
12 24 12 24
R 1| = e L
AY 27 122 128 122 123 0
= +
2| & 1z 8 _12
M, 54 12 122 12 122 0
12 24
-— 6 il 12
3 122 6 — _ﬁ ,E 123 12 —_—
Rgy 27 = 15 12 122 i 0
6 — 6 12 12 12
5 & | 152 | & —=2 15 12| =%
R(;y 8.364 15° +§ 132 15° +F 133 0
” 6 | _6 _12 12
R,y 6.636 13° 13? 13° 13° 0
Dept. of Civil Engg. BUET, 2018

Dr. K.M. Amanat

CE 411: Structural Analysis and Design II
DIRECT STIFFNESS METHOD

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
We can write,

Piu Pin,u Kyy : Kyr || 05

—_—— | = —— |+ —_——t— || —= Pi.u=meu+Kuuuu+l(urur
| P. =P__ +K u +K u

Pj;r Pm,l' Kru | Kl‘l‘ ur br m,r ru-u rr

For the present case, u, = [0], therefore, eq.(1) becomes
Pi,u = l)m,u + Kuuuu

Putting values of the matrices,

o -8 a4 o
0] [ 54 ] |2+t = u . Te413]
12 15 15 4 Uy 64.13
2 4 4 2 1
24|=| 261 |+ = Xt gy _| 430/ L
15 15 13 13| | 6| = |Y || 74395
0| |-2237 S
o] | i 3 13 Ll g | | 94.65]

Dr. K.M. Amanat Dept. of Civil Engg.
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation

Support reactions:

Since u, = [0], therefore, eq.(2) becomes
Pi,r = Pm,r + Kruuu

Putting values of the matrices,

_ - _ 12 _ - _
R,y 27 oF 0 0 R, | [3234
4 _ _
M, 54 5 0 0 64.13 M, | |7538
12 6 1
RBY = 27 + —E F F 0 EI _4‘39 E = RBY = 222
6 6 6 6
Rey | |8.364 T Tt T | L9465 Rey | | 963
6 6
(Ryy | |6.636] _ 0 ErETY [Rpy | | 483 |
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018
CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD W
THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Shear and moments at member ends
For member-1: Superposition eqn.: F, = Fy,, + KU,  [Fe= Memberend
force/moment vector
Uy “s -+ rn o [12B1  6El  12EI 6EI |- - _
A\uz 12 ft, 2E1 UV?\ P || 2 " e ?/I eml;er o tdue t
. , . orce/moment due to
' ! 6EI  4EI 6EI  2EI .
1 © 2 Fo| \Fz| | = T @ 1 | span load at fixed
F _ .
TFMF . 13T . . + 2m 6Bl 12m 6ml | condition.
[ % B I 3 2 || |K.= Member stiffness matrix
1% © J2 |Fia | | Fga | 6—? % —6—? % lu,| | U, = Member end
L L displacement vector
L SN [ 24EI  12EI  24El1  12EI |
| (E. ] [ 277 - o o il
ﬁl(\A : )2*' Fll 27 123 122 123 122 32.34 < Shear'l
1] Restrained I 2 121 8EI  12El  4EI
27 structure 27 Fy, 54 F 553 _? =5 0 7538 | « moment-1
- 24E1  12E] 24El  12EI -
Fal| |27 ] |- > 17 1 12 0 21.66 | ¢ shear-2
12EI  4EI 1261 8EI | 6413
Pl 1554\ 7 1 Tz 1z | B ) 71125] < moment-2

Dr. K.M. Amanat
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Shear and moments at member ends

For member-2: F.=F,.+K.U,

u, U p 7 (g7 | 12B1  6El  12El  6EI |- -
u, u 21 m21 3 12 3 2 3
: D E : e 6El  4EI  GEl  2EI
2 @ 3 w| (o) |2 T T L |
Fy Fs B - v 12EI  6EI 12EI  6EI
T Fy, Fy, T s mz3 I 1 13 12 s
i N e | e 2 em am |
2\ @ / 3 L P24 | | Fm2a Bz L 2 L 6
-4 o | 12E1  6EI 12EI  6EI 1 - -
S S Fy| |0 T T2 T3 0 0.54 | <« shear-1
2 Restrained 3 15 15 15 15
structure F 0 ﬂ ﬂ _@ E 64.13 11.25
2| N 152 15 152 15 B | < moment-1
12E1  6EI 12EI  6EI
F 0 0 —-0.54| ¢« shear-2
s 15 152 158 152
6EI  2EI 6EI  4EI | _439
F 0 = = 2= == |- -3.16 | < moment-2
L7241 LY I 152 15 152 15 = ElI | L -
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018
CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD w
THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Shear and moments at member ends
For member-3: F.=F,.+KJU,
u -4 rn - | 12E1  6EI  12EI 6EI |- -
AL o S N
: 13; & 7 ol s 6El 4Bl 6El  2EI
IO N e
v -
Fy 2 | |F 12EI  6El 12EI  6EI .
F3, F3y 13 12 I’ 1
:/ ha : v v 6EI  2EI  GEI A4EI |
3% @ / 4 3] Lrmaal | I 1z L |t
15 kip
7' - - ~
£ Y AYS Ry ] [8364] | 22 OB _12BLOELIE 0 7 ri017] ¢ shear-1
61 P/ o 13 132 13 13’
I . Restra'nze?i.?’7 F. 26.1 OFI 4EI OFI 2E1 *ﬁ 27.15
i . — -_— —— . -
8.364 Siructure 6.636 % _ 4 132 13 137 13 El _ ¢ moment-1
12El  6EI 12EI  6EIl
F 6.636 0 4.834 ;
33 133 132 13° 132 & shear-2
6EI  2EI 6El  4EI | 94.65
F -22.37 -_= = = = |\—F 0 .
[F3a] L 1] 1z 13 13 13 |LoE )L | < moment-2

Dr. K.M. Amanat
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CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD
THREE-SPAN BEAM EXAMPLE: Direct Stiffness Formulation
Shear force, bending moment diagrams and deflected shape.

. 15 ki
7538 45/t E constant 24 kip-ft 1};
LT T T T TP e % D uy] T6413]
S 21 T I 7 I mr
4 12' 4 15' 4 13' { 1
| 1 | | ug |=| 439 |—
32.34 22.2 9.63 4.83 EI
|ug | |94.65]
0.54
SFD
21.66
BMD

64.13 43.9 |
El EI :
» : Qualitative deflected shape
1
94.65
EI
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018
CE 411: Structural Analysis and Design II
DIRECT STIFFNESS METHOD

Direct Stiffness Formulation: Support settlement problems

Solving support settlement problems in direct stiffness approach does not require
any additional theoretical treatment.

After partitioning the global superposition equation we get

P; P

ju m,u Kuu : Kur uu
— = - = || ——F+——||—— Pj,u=Pm,u+Kuuuu+Kurur (1)

P | Por | | Key | Ker || Uy P, =P, + Ku, + Kou, (2)

We can write,

In the above equations, u, represents the known degrees of freedom. In the
previous examples, we had u, =[0], which means supports were unyielding (no
displacements).

For support settlement problems, a known amount of support movement
(displacement or rotation) are applied at joints. This means the corresponding
elements of u, are known and non-zero. Therefore we can solve eq.(1) and
determine u,,.

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD
TWO-SPAN BEAM WITH SUPPORT SETTLEMENT: Direct Stiffness Formulation

We consider the two-span beam problem discussed earlier. In addition to loads, we
apply 0.15ft upward movement at joint-2 and 0.04 radian anticlockwise rotation at
joint-3.

52k A,=0.15ft T, 0, =0.04 rad ("
39k 28 k-fit M
l ﬁr 3 k/ft ¢
1. 6ft 1wt " ¥ ¥ 3V ¥ ¥ 1 ¥3 Assume EI = 4000 k-ft?
,%;7 16 ft, EI 2 20 ft, 2E1 T
TRAY TRBY Rey i R,y i [26.66 | [0 ]
Uy Uz Us
$u2 $u4 " '/R 0 91.41 Uy
! 16 ft, EI | 20 ft, 2E1 !
1 ® 2 @ 3 Rgy —52 42.34 0.15
91.41 l 54.84 5 100 3t 100 P, = Py, = U=
14l W ¥ 3 7 ¥ ¥ W3 28 45.16 Uy
7\
126.66 12.341 t3o 301 Rey 30 0
M, | —100 | 0.04
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018

CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD w

TWO-SPAN BEAM WITH SUPPORT SETTLEMENT: Direct Stiffness Formulation

P, = P, + KU

After assembling the stiffness matrix.......

1 2 3 4 5 6
[ Ry | [2666] 12 6 - . 0 0 0]
L 1g 162 163 16°
0 9141| , | 6 4 S 2z 0 0 t
162 16 16 16
12 24 24 12 applied
Rpy —52 42.34 3 _12 6 —S Ttz —iz+1—22 _203 — 0.15 |<—= support
_ . & 162 168 20 162 20 20 5l settlement
12 4
28 4516 , | & 2 —%+1—22 2.8 3 20 Uy
162 16 16° 20 16 20 20
24 12 24 12
Rey 30 5|1 0 0 o0 502 203 202 0
12 4 12 8 applied
M, -100 — — o2 on 0.04 |[<—= support
- - = - 6\_ 0 0 202 20 20 20 iy - - settlement
-

Global Stiffness Matrix, K

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1

DIRECT STIFFNESS METHOD
TWO-SPAN BEAM WITH SUPPORT SETTLEMENT: Direct Stiffness Formulation
After row and column interchange and partitioning...

2 4 1 3 5 6
- oo [ 4 2 6 6 I —
0 . = il 2 -2 0 0
Known oL4l| | ¢ 16 :162 & 2 12\  Unknown
nodal | nodal
2 4 8 6 6 12 12 4
-28 . £ 2= = 2, = 2
forces 4516 | o 5t G 2 2 27 20 | | M|+ ) dof
- 6 6 | 12 12
R 2666 | | — — = -z 0 0 0 |17
A 16% 16> |16’ 16°
= + I EI
6 6 12 V12 12 2 24 12
Rpy 52| |4234| |-— —— 4% == =, 22 21 lo15|3
Unknown B 162 162 202 | 168 168 200 20° 207 known
nodal | } nodal
forces R 30 0 _1z 0 _24 2 12 g d.o.f
o 202 : 203 203 202
4 12 12 8
- - 0 — 0 — -— = :
Mg | | -100 | _ o | o7 7 0 | [004]6 )
We can write,
Pj,u = Pm,u + Kuuuu + Kurur (1)
Pj,r = Pm,r + Kruuu + Krrur (2)
Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018

CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD @

TWO-SPAN BEAM WITH SUPPORT SETTLEMENT: Direct Stiffness Formulation

Py =Pnu + Kyu, + Ku, (1) Assume ET = 4000 k-ft?
6 6 0]
0 9141] | 2| [y — — 0 0| |15
16 16 16 16 '
= + El + EI
2 13 6 3 6 N 12 3 12 i 0
P u V-V
pu m,u Kuu u Kur ur
- 4 2 .
-7735| | — — U, Therefore, the displacement vector
— 16 16 4000 can be written as ) )
2 13 0 1
-1091| | — — Uy
) 16 20 ~0.0624 | 2
_ 0.15 3
u, | [-0.0624 U=
N _ ~0.03 |4
| Uy -0.03 0 5
| 0.04] |6

Dr. K.M. Amanat Dept. of Civil Engg. BUET, 2018



CE 411: Structural Analysis and Design I1
DIRECT STIFFNESS METHOD

TWO-SPAN BEAM WITH SUPPORT SETTLEMENT: Direct Stiffness Formulation
Support reactions:

Pj,r = Pm,r + Kruuu + Krrur

(2)

Putting values of the matrices and setting EI = 4000,

6 6 [ 12 12 S
r 1T 1= o =L 22 0 0 0
Ray 26.66 16 167 163 163
12 12 24 24 12
R, —52| |42.34 _6 _6 121 1 50624 =2 S -2 =S 0.15
BY 16> 16* 207 16° 16> 20° 20 20
— EI + EI
=l 1F 12 o L2z 1217
Rey 30 0 202 ~0.03 200 20 20
4 o 12 12 8 | oo4f
L M | [-100] 0 20 i 202 202 20 |
[ R, | [2666] [-8663] [-1.76] R,y | [ 16.24 |
Rgy —52 42.34 5.06 8.36 Ry 107.76
Rey 30 3.6 -6.6 Ryy 27
| M, | [-100] [ -24 | | 82 | | M, | | 42 |
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CE 411: Structural Analysis and Design II
DIRECT STIFFNESS METHOD

1
\38/

TWO-SPAN BEAM WITH SUPPORT SETTLEMENT: Direct Stiffness Formulation
Shear and moments at member ends

0 1
For member-1: F.=F,.+K.U,
—0.0624 | 2
*u u;iT_\ fp o1 [ | 12BL 6EL 1281 6EI |- - 015
| 2 16 ft, B | 11 mll L3 Lz L3 Lz 1 U= o 3
! ! 6EI  AEI 6EI  2EI _
1 @ 2 Fi, Fotz L_Z I —L—z e u, 0.03 | 2
F = +
Fu B 12EI  6El 12EI  6EI 0 5
Fi Fiy Fi3 Fn13 T3 T 3 || U3
/ X ! L L L L 004 | ¢
' ! 6EI  2EI 6El  4El L Y A
1% 2 F F - = == = lu
@ / L14 | ["ml4 | | Lz L Lz I L“4 |
9141 rg K 5484 B Putting values of the matrices and setting EI = 4000,
"4 +
Restrained - - [ 12EI  6EI 12EI  6EI |- - -
F 26.66 - - - 0 16.24 .
122.09 SLUCIUre 4 ¢ 91 t 1 16> 162 163 162 < shear-1
Fy, 91.41 OBl AEL — OEL  ZEL || 0624 0 < moment-1
B 162 16 16> 16
Fiq 12.34 712]3;1 76—E§ 12&;1 76—Ei 0.15 22.76 | < shear-2
16 162 16 16
6EI  2EI 6El  4EI
F, | |-54.84 — = = = | -0.03 -130.1| < moment-2
- - - L 16° 16 162 16 |- 4k -
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CE 411: Structural Analysis and Design I1 n
DIRECT STIFFNESS METHOD @

TWO-SPAN BEAM WITH SUPPORT SETTLEMENT: Direct Stiffness Formulation
Shear and moments at member ends

l;‘e = l:"me + KeUe 0 1
co 1 rp 7 | 12B1  6El  12EI 6EI |- - _
For member-2: Fpi | [ Fuan i 0.0624 | 2

0.15 3
us Us Fy, Fro SEI AEI  _GEl 2Kl uy U=
Uy ug _ + 1 L 1? L 0.03
20 ft, 2E1 12EI  6EI 12EI  6EI : 4
F23 Fm23

Us

2 @ 3 13 12 3 2 0 .
o Fa GEL  2EI _GEI 4K
T/ " Fas ‘\T o] L L L 12 L | R0:047 | 6
AN @ 3 . . |
Putting values of the matrices and setting EI = 4000,
B/lOO 3 Kk /ft 100\(: AR R 24EI  12EI 24El  12EI |- 0157 [337] <shear-1
v ¥ v vV ¥ v W 20° 207 20° 207
: Z
f Restrained Fy, | | 100 12'3;1 8EL - _ 12}“21 AEL N 03] |102]| < moment-1
30 structure 30 _ 20 20 20 20 _
Fyy 30 24? 121‘2’ 245;1 12? 0 27 | € shear-2
20 20 20 20
Fy) |100) | 1260 4EL 1281 8B 0| o ¢ moment-2
S LT g2 20 202 20 |- 4 b
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CE 411: Structural Analysis and Design II n
DIRECT STIFFNESS METHOD W
TWO-SPAN BEAM WITH SUPPORT SETTLEMENT
Shear force and bending moment diagrams
2k Ry ] [16.24 BCERE!
39k 28 k-ft 42 Ar
l ﬂr\\ 3 k/ft ~0.0624 | 2
A 6ft 10 ft C
- ¥ jo - t vy Ry 107.76 o1s |3
/%7 t, El B , 2E1 = = U=
5 A _
7 R, 27 003 |4
16.24 107.76 27 o s
L Mc | L 42 ] | 004 |6

SFD

97.44 79.34
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