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Indeterminate structure :

* Direct stiffness method- > SA

* moment distribution method

⑪ IL for indeterminate structure 3 SB

Ref. Book :

& Structural Analysis by Aslam Kessimali

DOST & DON
Kinetic

Degree of Static Indeterminacy (DOSTS

-> Enternal Static indeterminacy

-> Internal" I I

Redundant- >

s
", 742

*
*
~

Is = TSE + Est
-Releasedreaction

= Centennal reaction - 3) + (3m-3 ;+ 3-Rn)

: (R-3) + (3m-3 ; +3-Rn)
= (R + 3 m) - (3 ;+ Rn) I2D; beam/frame)



#
· , Released reaction

↳ moment o

D
*

Internal hinge *
· E

3D : (+ 6m) - (65 + Rn) 7 check

Thuss : M + R-2 ; DOST : 8 -> Stable & determinate

> 8 -> "Indeterminate

10 -> Unstable & determinate

Practice :

~" , ·

⑫+ 3m) - 23 ; + Rn] Entennal : 6- 3 : 30

(6 + 3x4) - (x5 + 2) : 2.



* *

* *

s

&+3m) - 23 j + Rm)

= (9 + 3x14) - [3x13 + 4) : 80 ~

#

Ans .: G

#



compatibility equ

in&
↑ redundent [let)

Ry
combined effect

in B
↳ external loading deformation

-

↓

nedundent W

, ~

ID
, =

Rig = 11 primary struct . deformation

main struct. def. = 8

DOST -> degnee -> redundent -> compat . ean
8 : A + Ry D,

-> salve

-> translational, notational

D8K 1 : Number of independent joint displacement to describe the

deformed shape

-> us

u,
->

p
un



L82 2) 186

Degree of Kinetic Indeterminacy (DOKI) / Degree of freedom (DOF)

Number of independent joint displacement (Ananslational & notation)

to describe the deformed shape .

An As Dz= 8
D5 = 8

↓As ~
A G

↓
, D3 ↓

Al
->

~

> Da D ,
3

&

S D
,
I Du

BG

# # T H

If member is If member is inextensible

extensible

↑,
Pr

no anial 1d/deform
~

DidDo i DOSE -
23-K : 2x2-4

Extensible : 3x2-4 = 2

Inenfensible ; 3x2-5 = 1 " -
const displacement
~

I

Ek = 26-k ; for beam K : number of cons !

'

given by support

36-K; for plane frame/2D

67-K; for frame/33

36-(k+m3 m = num of compatibility equ



S
~ # as

* ↳ #

Entensible Inenfensible

[K = 6 Ik= 4

↳ ~
3

~
S

3 Entensible

# Is M

S
S

# *

Ikc = 21 On
, 3x9- (3 + 2+1) = 21

extensible & inenfensible

T #

For Anuss
, IK : 26-K

2x7- 3 :11
* &

-

1/ I
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*** Stiffness Cdenivations (Rotation]

* stiffness = ↳

-
*

fined End moment

(FEMS

A ↑ = B
-"

T
I Enulu) = P [load]

· I

"I
,

&A = B As no external loading ,
P = 0

I I Eturcut
oni to indicate deflective

-> sh
L T

↑ =2 = c , [shean]
*

s moment to produce I not.
>Eln) : cmtc Emoments

-> stiffness i
&= Even : caunts EsloeT
~ => EIVCR)= CimterGatC

[deflection]



Boundary conditions : moment to produce 18 notation

228
,
S = 0, 8ca) = 8A

CiL
,
J = 8

, O2) = 5

Putting C: 8
,
V = s

,

in ex Liv]
IA

~P

Cy = 8
D== AE

in ex (iii)

EI8A = 8 + 8 + 23 =) C = EIGA

EIQU = C, + GRETGA - 5)

EEVins = B + 22 + EIGAR - E

2 : L
,

8 = 8 Th : Ls V = 8

O : C ,EGLEIOA- 0 : ICEFIGAL-

#xL- =] 4 + GLY FIGAL :S

2) 2 -ar + ETAL =8

5C2 - ECL2 = O

-

> Cz = 32 , 20X2E
: 232 ,

L



↑ in ex (11) :

8 = <, _ 432 ,
22 + EIFA

. 0 = < , [EL2-4322] + EIOA

= a [462] + ECOA

:] C = --

4=IQA

Cz =
-

- -

=_EEGA [C -> top tension >

generated
moment en (ii)

m=OA 7
Moment I provided

A ↑

T

↓
B I-

-=
Fe

" I

MA tensim ZEIGA
GEEGA ↑

, GA
↳ [ ↓

B
-= -

L

↑, -

I I
S

I I
L GE IO A

-> sh -

On L

I

~
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4, (Deflection]

1

A

"
, EB

↳
no ent. load

Ethon = P = 0

EE38 : C, [sheamy - D

Fut : 2
,
M+2 ↳moments - D

Et : CGRtC (slope) - T

EEy = c, + 2+GRtCn [deflection] - i

Boundary conditions :

RI8
, 4 = 1

,
8 = 8

Ch =Ls y = 8
,

8 = 8

putting them into it, Rewilting it & D

EIX1 = 8 + 8 + 8 + Cn ET Do : c ,A + QU -

=) C4 = ET
Ely = c, +C + GR+ EI-D

Info T,

8 = 5 + 8 + Cy

= )Ay = 8



Putting M =L, y = 0
,

8 = 8
°

into 8 ,
D :

& : 0 = c, + CL :) 9 :-

=

i : 0 =_ +C + ET

=> 0 : (2 /- + E] + ET =) ES = Cn[]
= S C

>=E

B :
0 = c, + a + EE C2=Fe

= . . .

==Fi

GEE
Im

4, G
3 1 22

&

A

Y
, / EB
↑

12 EE

EE Te

&



Y
, =

Y
, =

Fined End
mment

= *Em ~
25: 00

FEM P
F &·
~

· IE
tabl I

22 SC
22C,

a

- "An
3



19/87
LOG

Q
,

= KnU,
+ KizUz+ KBUs + KiaUn + KIsUs + KioUg + &f

Q2 = KzU,
+ KzzUz + K23Us + KaUs + K25Us + K20Vg + &f2

&3 = K ,
U

,
+ KszUz + Ks3Us + KaUn + K35Us + KyoUg +f3

& s = KsU,
+ KszUz + KsUs + KanUs + KysUst KyoUg + Qf9

& 5 = KsU,
+ KszUz + Ks3Us + KaUn + K5Us + K5oUg + &f5

Q6 = KyU,
+ KazUz + KsUs + KUn + KosUs + KjoVg + &f6

--- Kn Kiz Kis Rin Kis Kis
- -

V,
-

Qf,

*2 K21 K22 K23 K24 K25 K26 U2 Qf2

K31 K32 K93 Ks4 K35 K36 Uz *13os
u

-

>

Kal Kaz Kaz Kay Kas Kab X Va t & fl

& 5 R51 K52 K53 K59 K55 K56 Uj &fJ

& 6 Kol K62 K63 Ky4 165 K66 Ur & f6
-

-

--
- -

I

& = KU + 9f ; & -> member end fonce

~- > member displacement (translations notation)
K-> member stiffness

af- > fired end moment for external loading



[ET const]
3 .5 KIft ↓

assume if not

UsQU specified↳ [Beam inentensible]
*
#

28/
I I

DOKI = 1 [only notations

ZEE
I

S
,
SET X U,

E
a

*

E
3

↳FE
3 .5 KIff

WLh
= 116 . 67 Kift = 116 .

67K-ff
-

12

~I
M

I L

= 35 vWL : 351E

Rollen Cent], moment = 0

8 : LETU-116 . 67

: S U = 116 . 67 X TEF

·03
: 35

A A
, Q2 = ZEIXU , + 116 . 67

=FI 335 + 116 . 67

= 175 K-f

Q
,= XU ,+

64583
. 35

+ 35 = 43 .75k



287 26 (37

# ask
↑

RAY
A ↳ ma1 ↳ &

B 2
Ray D8KI = 1MAY 7

Y
= 10 E

↳
I2

↓ML
18

z
5 44

3 C XCh
] I- ↑↳ &

J-
Q = Af + KU

35K

↳ ↳ &Ment : <Mint
A

Is V B
&

At B, 8 =
-5X14[EE GEIJNU,

Left side ↑ pos = U
, -932

535
↓ neg

Right↑ neg R

↓ pos
20

. 23 14 . 77 Ma=t32 ,g
↑

20 .23 ↓
35

↑2012

= 7481 K-ff
67

. 6
x

x 17.

86 - ZEE83

X :

- 17 .864 1-ff
95.79

74 . 01
x

RAG=x32 25

: 28. 234 K

Rey=- x932 : -5 . 36K

RBy= (-EE) x (2
= 20 . 12K



L8 8 89188

K/ ff
MA 3. 5

U2 ,

25K E = const

"1512
L

[
Ue

NRA = 25 Ra D8KI = 2

I
16

I 8 16
I

Q : Ef + Kr

↳ Le ZETuF1 -

L - 24
X U ,↳pa ↑ ↑GAE . -

GEF
~

242

ZECT) ↳In uz
= 1

* T ↳petzi)
u

fle
12-ff -f3insta 44.4 ↳ - i

j-1) 2 ↳ .. ↳ "Ent↑ ↑ & 1)

: 28 284 18.52 h

61.73K-St
B&

25.51 504.63K
-

↓
ba

↳Poena F)
↑

L =x+b

255 -

,

20.13
,

20.13 be (Bat ps (36 +a)

of
- I

-4.77
- 4.77 M = 5 :)abbotal-pa =

-30 .

5

31
.64kiff

761 ·earPab
J
·

Dall

+Pba
?_Pab

K.f

6173
·85.
68 L

k.If
· Palitba-by

- 188 - 68



&: &f + RU

=) - 15 : (ETFE) U
,+ExUn + [74 . 6 + 88 . 9]

-

: FFEU+tuntlys-11)

0 = LET U ,+ETU-449 - I

X2-[ii) ; U ,
= - 20 REU , -U+ 13 .3-80 . 2 = -15

U2=462 ()U : ...

MA= xu
,

+ oxun + 74 . 6

= 61 . 73 K-87

RA= xu ,
+ oxul + 20

= 25. 5K

RB = -GETXU+EXU+ XUS + (28 + 18 . 52)

= 58 . 63K

Ra=EXU+ -xuz + 6 . 38

= 4 . 78K

mid -> upto today's class; all taught; ind . denivation



HW

80
KN

24
KN/m

↳ fu
EI = COUSA

~&" umm 3m
=

Em

Un : 192. 35/EE

M = 1 Reaction, SFD
, Brn
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Mid syllabus : Thursday

- Beam 18 , 20

- Enclude denivation

DoKI = 3

# Frame U

-> same 354185
*18K

wht28K- E = const

Inextensible
fo

↓ -

- #

#

GEF = Ki
= Rel-Fikil

I
15

I

I
,
Ka&

↑·alth C
ot

·
K31

=

#

-
K22

=Ki E U
&Kiz 15 K32

& i 3

↳ -Lu x

-T

#



Fy 113 , K23

2-> K33

->

FLEGERI ↳

- #E

-
12E(2I)- ↓1 ↑ ↳ E

3.

5 R18

↳ A) E IE

3 .5X15 = 26.
25 " 3-5X15

2
- -

1C + (1
#

#

Ui : B : 98 + KU

=> 8 = 65. 63+itEu+antu -O
K12 K13

Uz : &=&f + KU

=) -25 = -65 . 63+
E

n
,

+ (EEET] untu - D

Us:= &f + KU

--28 = 8+E U+FE (EEEEJU -D



= =T

= = Kx

U
, -42 u
:3054 ; Ug : -9492

↳
RAy : 26 . 25+EEGE UztO

↓ -
= ---

- Ron me
= 36 . 43K

Ro

Ran
ma

RAM= -E- us

RAG =- X5142-x(3941)

= 14 .35K

Mp=EX25GEXCE RDy =

- 18 + 26 . 25-2X5142

= x5142+ x (3949 . 2) - x330 . 54 = 34 . 05K

RDN= --- = 13 . 65K
=- 134 . 84 K-2

Mp =
- - - = 189 . 46 K.87



23/0t
L17

support settlement & notation

54187
con exam

, may come only one,

·on both) *
12'

,
I &

A [

support A notatesclockwise

8.85 had 18' , I 8A
= 0 . 05 nad (2)

Support B settles downward Ap = 0 . 2' (h)

8.2

notation
& Qf2 settlement #B

->
Of2

&= Qf + KU

U2 = 1 ;

z ZEI U= 1 :

YEI LE12
Th

BEE L12 ↑G i ·* " ~& GEFGEz4
ThA G [ [

F TOE -

2

G -J

EI
192

X U XUz

ZEE

- To

#B



Qf :

Kiff
Q72 :

On
:
0

.

05

B
81 . 67

81 : 67 K-If

+
: Brztos

C &* ↳A [ A

35K -EX00SEx

#B #B

↳ES
GEID B

D:8 .
2

E
-122

·ZEID
Tal ↳

23 EID-ID LEID

#D
: 0 . 2

8 = QftRftQfzt KM, + Un



M : 0 : 167+S-) +L+M

+FIX Un

=> 8 = 8167 + EE [10
.

05 22]++ 3xu,

+ Fun]

= - 8167 : Et [-go+ u+ Fun)

=) - 8167+: a , + un

Uz :

8 = - 81 .67-EXO .2+Exa , +Ex

=> 8167 : EI (o + U+ ur]

=> 8167- Eg= M , + un

: U ,
= - 159 .08/EE

u-Un = 365. 17/EE ~

MA = 64 .8754 27) RAM20"DRAG= 9 . 27 "W

Rom : 2 .58( Mp = 15 . 472K-88 ()

RDy = 49-8" (M) Roy= 29 .47k &



Rough/midterm 29188

Direct stiffness method

DOST -> Static Indeterminacy

DOKI -> KineficI

DOKI : Number of independent joint displacement (translational & notational)
to describe the deformed shape.

↳ notational
~

*3
a

↳> translational

AB As AB As
- - - -

A
->

↑ ↑
-> An Dr= A,

->

↑ ↑
-> Ay : D

Az Dj Az=8
8 : Dj

D8KI = G D8KI = 3

member is extensible member is inextensible

"

, i DOSI = 3

DOKI : 8

DOKI = 1 Linentensible) ↑, -
DOKI = 2 (entensible)



# I
↑ I =p

(inentensible) (Entensible)

DOKI : 4 DOKI : 6

FEM :

/
Da ~ D

GET
D-

22
GEO S 12ET A

EET
D-

T3 LE

PhPba2

+
I

L

e wht
↓ ↳

↳ Th + E



Stiffness Relation : Relationship between member end fonces and end

displacement in terms of ext . loads applied.

↳ Q6

-> By

↓Q
↑

O5

->
a Pau ↳ Us

->

U
↑usu

&
U
->

↑
Un

=

K 31
= ] ↑

6 = J

1 &
A: Ki -> -> k4=_A x M = 1

A ↑

K21 = 8 K51 = 8

↓

132:E
↳

->
K

124E ↳
162:F

p
-> Ky2 = 0

x G = 2

K52
=-LEE

t

↳
Ras : LEE

↳ 163 = ZET
8 : Kig

-> -> Kyz
= 8

* Uz= 1

↑4.
K 53

:
-rzt

↓

...

My , 15 , U



t

&fi Qf6

If C->

4-
>

afn
↑
*f2 &

f5

·: &
,

= K
,

U
, + Kizk + K

,g4s + KigUn + KsUz + KigUg + Del

&= KU + Of

In essence
,

each displacement (u) conresponds to one member and

fonce (Q); & is sum of individual displacement load and

--
ext . loading

↳ kut displacement

U

stiffness -> moment/fonce for

unit displacement



U. 1

3.
5K-ft

Uh

A e
mi

DOKI = 1

·
I I &=Ket &f

28'

E

UX C
IEF ↳

E

At B (nollen),
↑

E ↓ & = 8 : GET U-117

= 1171-e -117 = u,= x20x Er

C
12 12

1) 55
↑:35kby

43.8 -
: RA : = x 585 + 117 : 175 . 5 K-f

& &
B

= 8

1.... I
-262 RAG=uX585 + 35 = 43 . 8K

K

RBG : - -x585 + 35 : 26 . 2

-
~

175
.5

-



En. 2

35K
A M

B D8KT = 1↑ 11
"

& = Kut &f

↳ ↳F LET
F

L
W 7ux C 5 4

·EGNFEt At B (nollen] :

& =8 = [SETE]xM-613
22 : 6.

34t
Ab

Cp
&

↳ = U ,=35
12

17.5 17.5

MA = # x89 . 4 + 61 . 3 = 74 . 11-2

20 .2 -

5. 3 Mc = Fo x89 - 4 + 8 : 17 .9 K-2r

z

- 14 . 8 RAy=2x894+ 17.5 = 20 .24

Rcy : - x89 . 9 : -5 . 4K

67

167 RBy :[+)x89 . 4 + 175 : 20 . 14

- 363

74
a



no,
m Un
↑ E

35
KIS

15K-27 25K DOKI = 2

E↑ed 1 & = KU+ &f

At B,

F GET EMB=O+5 + [EEETJU, +4Enual ↳
&

- 74 . 7 +889

I -I
= FEIXU , + FIXUL + 14 . 2 = -15

et · At2, o= u+ un-444 =
UzX ↳ I&

IEI

292 -Et
U = - 182. 8/ET

&

W :747 747 pab2 :
88:9 44 U2 = 1846/EI

12 -

&I↳
"

18.52 6.48 MA= EX (-102 . 83 +74 . 7 = 61 . 85 K - 2

Mc= Ex (-102 . 8) + 2 (1866) - 343 : 0

RAy = #62X(-102 .83 + 28 : 25 .6K

Roy = (+) x(028]+X1846 +2

+ 18. 52 : 50 . 63K

Rax = 4 .781



80
KN

24
KN/m

~
Bl
- fu

A on im e im# E = DOKI : 2

& = KU+ &f

↳I

LEE

E LET
CPR) I At B

,

-E GET -F ·= LEE GRE) U
,

+ (E) on

- 115 . 2+288 = J

· En , -E U2 = -84 . 8

--
8:ZFT ,7BEILET2

76-5 208
- 28D =J

4) 1152,00p
28. 16 51 . 84 113 128 =Fu ,

- LETaz = 200

U
,

= - 169-632



38/8 &
LII

Plane Grid

~
O = -tansional nigidity

T

S G : Modulus of tonsion/shean modulus/

modulus ofrigidity
Z - : Tensional constant

F
& Y

- -> P

~

= :Af
2

%:6
Sign COMV .

-

POSLTS RA 8 , yAo2,
2 to : LET

↳

-



A

I <342 2 EP
S

·
-
- DoKI =1

~ Y x'

I

1
Un
&

D-
22

1

*
A X U

CA ↑
2 Gid -

-2
To &

↳
A wi

sid 3

A - ↑ -J14
2

↳ >
22

G
wih 16

sit f- ↓iM

GUE [-1,L X It ↑

F 22

o
↳E
f

=
49 1ie

251455
.37

.
It

↓ 2 -
-

& -
-

S

me I

2

49K-2f
~ Y x'

19
43 .

06K2,
1)
D-

S

22

1

*



, outsanis all umut

0- (BEEET XM toxunt43

0 = 0xU , +/E6
+ 20) xUc + 4e

G3=E

·: U,=3.92, Un = -h

Rc = 29 . 094K

My = - 63 .36 K-27

To=
- 3 12-8f

En
Next As : Truss



Rough/ 2T 82/89

U 3.5
K18 18K

jK E - un 25K-ff2 u
-> =3-9 => Up:Ug

15'
, I

DSKI = 3

&: KM + If
It

* -

*

#

IT

GET FE Z F

a- -
E f

U, X XUz

#
-

- ILEI

TomW
-

11/ IT

IF GET :
65. 6
K-f

65 . 6

K-C
~

~

Es a 2)↳z I = 26
.3

26
.3K
↑

UgX s
-E

#

I
->->
-

11/ IT



U: : KM+ 18

-

> O = /GET , FEM + a+g + 656

U2: = Kut 88

= -25-xU+Ermtug-65

U : B : Kut58

=) - 28 = ↳Etu, +EtuF
·: U ,=, un-b; u:oug

MAx=514 + (-39991) : 134 .52-1

MB=x330 . 5+ (-3949 .) : -109 . 3k-

Ray : TX519+ x330 . 5 + 263 = 36 .5

->
RBM ↑ MBy RAM= FX519+ (3999.) = 13 . 31

RMAt RBG

RAY



support settlement & notation

5R1ff

AlB
DOKI = 2

18' E RA = 0 .
05" (1)

AB = 0 . 2' L+]

ET= 5000 17874#D

E f

A
TE A

B ,ta
E - ↳ -

U
, X Y ,

2 * Uz

-

->
B,

#D
-

↳t GEBin

&A E
a A SpecI ↑ ↑

-E ↳ - E
X8 .85

X 8 . 2

#D #D ID = 8 . 2



= 51 .74Ng
51.71

·
== 35" 35k

#D

U,: = Kut82 + Di

o = (42 + Yu + 4) U , + Yun-0 . 05+L-i) x02 + 817

Uz:= KU+ &2 + Bi

0 : FU , +U +F2X0 .2-81.7

· : U.. ; Un
:b



↳ Ma

Ran-CanBe re
A Ram= *

RA : Elle , -EX0 . 05+E .2

18' E
=_ 9 .3 K

Rono
Mc=xM = -15.5Kf

RD Y

MA = EU + -ETX005+Ex . 2

-

> -64 .9K



51f

↳u~↑ &12', E I/I

*
A

= 0 .05" (1)
DD = 8 . 2' Lv]

18' I

#

ZE ET LES ↳
12

E ↑↳ · TF - -EE

142

ZEI
-

- IF

~

// #

SF GE
1) ST I

#



LI2 86/89

Truss Af cosusing"~
cost

j 1
I

Cr S-

7 osu Af cosucos

i J
u

, Chonizonfol]
#

&

I ~Fr [displacement very small]
-

//// /

-

D= Afcosthafcosusing
=> F:ED SinisinRE Sin

· set J
2

of Afsinucos
J

Uz (vertical)
I y

S/II

1

sirrar sing

-Pi · Aucost
L

Ac -

y

↳ Aucosy
/ AM= Aj-Dich

Diy i

Ay = Dja-Din-- >
* ir

y



·
Dnsin
-

De Da

: F:f (Ancosr + D ; sinU]

Yo



↑

- 4
*

10 . 00)
->

30k E = 1000 K/8f2

DOKI = 1

&
20.

05 10-88)

O

- ↑ B

5013

C

E
-

1/ , I

E

kn
K21 ->

Kiz

- 4 10 . 00) a 30k
- 4 10 . 00) Uz= 1 30k

->
->

KII

XUz

&
20.

05 10-88) &
20.

05 10-88)

* U

, I
- i I

- i #I

C C
E E

Q : Km [no @f]

Ki=Bo,
f costy

= (* cost)Ad
+ (** cosv)Bot (F coir) an

: Ecosy ( ...]

= 15 . 13



Rai: (cosusin)

= 2. 4

K12 = an e
,

(cocrsinu
= 1 . 4

K22 : Ba
, co
(F sinr)

= 13 . 2

D ;
= KU

30 = K
,

U ,
+ K12 U2

8 = KzjU , + K22 Un [0.): [1 "]]
M = 2 . 04

U2 = - 8 . 37

30k
- 4

*
10 . 00) ;-

2.04
0 .37

&
20.

05 10-88)

- T
5013 x

, I

C
E



FAD : AF (DRCOSV + D
, sinv]

= 27 . 23k [T]

FBD : 4. 64 LTS

Fad : - 3. 77 (23

Efeosusing
↑

ci ↓_* 1000)
->

30k

For U = 1 -> &
20.

05 10-88)

I, IRon= B

5013

C

E

&

Afcosn'thacinucusy Af cocusin↓ Afcosty

For U:

-

=

For Uz :

-

=



& = KCh

RBU: (costv) U
,

+ L-Af sinucost) x un

= - 2 .785
*
(7)

RBG : - 37 . 1 R (h)



LI3 13189

(-) -> anen

B (01)
41

--> 2012 * -> member no .

&

B
Co.1)

p
. 12 ④

10
% 2)

20 -3 12' E = 5000 KISt

DOKI = 3

A D

# * Instead of fined, joint

I I
be pin otherjoint

18' 15 18

Truss always extensible

Us

915
Sus ' 200

↓ Un

--> -> 2012
B &

B
Co.1)

p
. 12 ④

10
% 2)

20 -3 12'

A D

# #-

I I
18' 15 18

· (cosusinU)
15K

R21
↑

Ks20 ↳B

B
Co.1)

p
. 12 ④

(0
%)

(0 .) 12' XU

A D

# *

I I
18' 15 18

C↳y (A cosUsinus
(cos, (AsinUcos) ,

~



a K22

· sin), 15K]
Ki2

K32

B ( ↳ 20"
B

Co.1)
p

. 12 ④
10

% 2)
20 -3 12 X Un

A D

# #-

I I
18' 15 18

S

(sinvcor)- (EsinUS-
(E'sinver), (Fsinr) ,

V

(costsinu] + (corsinr), + (AFcosrsinr),
K23

&

15K
>

173

1133' (0 . 017 ↓
2012 -B) D =s

B
Co.1)

p
. 12 ④

10
% 2)

20 -3 12'

A D

# *

I I
18' 15 18

&

↳Fi)2 LAF Cousing (Ecosin
,
(cosrsinv)y
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kn
= [ A c

= EXI +x041+xn0

= 63 . D

RAM : 3 . 78K (7) K12 = K21
=

- 7 . 283

Rom= 16 .22" (2) K31 = K
1z

: - 33.33

RAD : 3 . 50K LL] kzz = 22. 937

RBy : 1 : 30" 243 K32 = K23 = 8

Ro : 17. 24 (T) K33 = 64. 04

endent
FAB : 3 . 67" CT

not
der FAC = 159K (TS

To
-

knis u,
neading Fa = 28 . 43" (L) Ki

8r

FBL = 5 . 47K LTS I t =
-> Un

e,u
S

-
- -- -

-
FBD = 3.49 (c)

& - Us

-

if D point only asked perform on a only

~

*DD Recap/Matain neut as

on computer

↑ must ques



Rough/ Final 18/18

Direct stiffness Method - Analysis of IndeterminateStructure

Background :

DOST : Degree of Static Indeterminacy

->Co -> unstable
, determinate

= 8 -> Stable
,
determinate

↳ -> Stable
,
indeterminate

> Internal static indeterminacy (ii) -> 3m-3 ; + 3-Rn

External static indeterminacio (Tse) -> R-3

Is = Esi + Ese

-> (R + 3m] - (3 ; + Rn]
~
total unknown totalreactions

* *

* *

·
~

#
#R= &

· ]0
Rm= 8 Th,t



DOKI : Degree of Kinematic Indeterminacy

number of independent joint displacement required to describe
~

deformed shape. ↳ translational

notational

IK : 36-k /K-> const . displacement given by support)

27-K [Anuss)

6J - 12 [3B]

3 G 3

1 &
I 2

~ I -> ↳5
- & 4F

1
H T #

extensible -> 6 inenfensible- > 4

(numbered from 1st mode to east

22-> &
-> notate



Rotational stiffness :

moment required to make unit notation

->

Fixed End moment :

*A
~(R) = vent

.
defl.

A1, ↑
B

ETv"" (2) : P [Eulen-Bennoulli Beam

Theory]
I I

L

on, for external loading (P) : 0, -> R

EIv " (2) = 2
,
-> Sherm Lis

EIV"(U) = GR+ C2 -> moment Lii)

EJv'CU3 = c, + ER +C -> Slap2 (iii)

EJVIRS : c, +GAGrtay -> Deflection (iv)

Boundary conditions : when, M= 8
,

V = 8
, 8 = 8A

RiL
,

V = 8
, 8 = 8

Putting R=8
, v = 8

,
8 = 8A in (iv) & (iii) :

si
8 = Cy 8N ELER = 2

, I +GRTEIGA- 2)
EI8A = Cy ETVe = c+ ETOAR-Lis



Putting U= L
,

v = 0
,

8 = 8 in (v) & (i) :

23
8 = c , 5 +C + EIOAL - (vii)

0 : 2, + CL + EI8A - (viii)

=x(vii - Lis =<- ) + ELOA(52-2) = 0

= < [L = (2) EIOA

= &2 : -EIGA X 42"

=_ LIGA

[vii => 8 = c,_GIGAXL + ETOA

=> -C, = -BEIGA

= a
,
=FtOA
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Translation :

EIv""(R) = P Load ↑
D

Y, E

P=8
, I I

2
EIV"(2) = C /

shear (i) --> 2

EIV" (R] = CRT22 Moment (ii)

ETV'LR) = a, + C2R+ Cs Slopa (ii)

EIV(R) : a. + GAGRtay Deflection [r]

Boundary conditions :

when 2=8
,

v = D
,

8= 8

Mit
,

v = 0
,

8 : 8

Putting 1: 0
,

V = 1
,

8 : 0 on [ii) => 0 = c

[iv] -) ETD = In

·: EIVUS = c, + CU-e]
EIVCN : 2 +C Of EID - Wi)

Putting UIL
,

v= 8
,

8 : 0 on () => 0 = c, + CL - (vii)

(vi) =) 0 : 2 ,E +C +O + EID - (viii)

(vii)x = - Lii => <x0 + <2)-E)-EID : O

= C:ED [vii) => 0 = c,E

= c- D



Fixed End moments :

PL
↑

P Mo ↳
T

1)
Ye A Y

.] E C" =
A

2 -GET 8

↑ pa SIO E

at, I GEID
-

W ·* =
&

1
i! LEID

L 3
L

RED
↓W

= (17 + + + 1
L



mathin algebra :

Addition ,
substraction- > conresponding ef

multiplicatio- > scalan- > multiply each el.

matrices- > num of col = num of now

~ Entm1st m

mxnxxs =s

8ij =
E Aik Bri

now x coh [conresponding]

A
,R + A

,zRz + AlzRg = P,

A21 R , + A22R2 + Az3Rs : Pe

Ag ,
14 + A32R+ A33Rz : Pa

↓

All Ai

A 21 A22I Ab ]( : (
↓

Am = P Invense of symmetric matrim

=> AAR : AP is the i
I

=>> R = A'D



stiffness Relation : member end fonces and member end displacement

in terms of external loading.

Q = KU + &f

& 6
- Ry

->
#3 E
* definmed pos

--L &5

U2 Qu

T?
-

K31
& Kalm

Kil -> -> Kal x Wh

↑ ↑

Kal ↓ K51

K62

In n Datin
↓

K33 K63

Ki3 ->a & -Ky x Us

K23
K5 3

↓
---

~ --

--
-

t

&f3 &f6

o - (tan
↑

Qft
&f5



Kis Kis Kis Ki6

K21 K22 K23 K24 K25

K3 K32 K33 Kz4 Ksz K36·) .**Kal K92 Kys Kan Kaz

K51 K52 Kyz 154 Kis

K6 Ks2 Kos Koy

Q: kn + &f



Beam : 3. 5 K/ff

~
&14

En .
1 ↑ B~ #
* = KUt If

polis

of To
At Bi 4EE

0 : Up (ET) + (-116 .7) ↳ X U

=> Un = 583 .5E .wi- :
116

.
7K-ft

116.
74-8

[Qn] = [Kui] [Un] + [Ofs] 12 &
35↑ : 35

~

* J 1·800* J

[] Re
N



EN .

2 Up
- EA

x
+

, 35
,
"EDoK 1 = 1 B

&: kut & f

AA B
,

8 : 1, [4EEEI]-613 ↳ xm↑ I

= u,: EGT GETre
14

: blyker disket o

OMA , MB , Ray , BBy : L41K HKR 4.
4
*

=·y. .
-

.I



n. 3
3.54/8

L
EU2eng *

2I #

/16 I[] - [tJYFi,
1/ /

16 8'

BETT GET E
I [
7 ↳ 3 * Uh

& ↑

=> [M] : [103 ↑EI -It

↳ IEE

·
: U ,

= 1034 ; Me: ↳
EU
↳ XU

& ↑
I -E

MA = - 183 . 4 (216) + 74 .7 = 61 .8K-29

RAG = - 183-9 (6/162) + 28 = 25 .K ↳ 74.7 Fu pu08 44.
4K-

Es ↓) Ey 2
↑ pr ↑

RBy =
- 103 . 4 (-2+] + 1849(t) + 128+ 105) w:28" 28 18.5K z. jk

E
=> 50 .61

Ray = - 103 .4[-) + 18997t] + 65

= 4.8K



W2/ gjKN
u,

24KN/m
Us

↓ No
&

A
4 omBEE, in&

DOKI = 2

&: Kut If ZET LET GET ZET
↑

↳ C 3 XV

↑GET

=> []=t ]]S
T
J

ZER GT 2
↳ ab & XUz

↑ I ↑
->[") = [2) ↑SET SE GET

-

>5 5

768 115 . 2 200 200
& *

C ↳ Is ↓ Is &

MA = - 154[[] + 76 .8 = 46 KN .m
34 4 ↑ ↑ a ↑
28 . 2 51 . 8 128 128 * J

RAg : - 154 [6/182) + 28. 2 = 19 .0 KN

122: 3

RBA : 192 .3 [42) + 51 . 8 + /20 = 183 . 3 kN 46
19

&

RC4 = - 154[: 402) + 192. 3 [40+%2] + 20 = 163-9 kn 4.9
J

5. 1

RDy = 192 .3[42) + 0 = -46.1 KN
-6

- 117 .7

227.9
170

.

5

stiffness method -> 4 -> +

GE

:
7E

I- - 4 6

convention- > -
-> +

sign changes from other end



Frame !
Un

E
->

Ug: Ch

z
U

3. 5
k/ff 18K

-> -u

10ne
25ft

->↳EE

15' I 24EF 12EI 122

-

>
J

Ti
-

183

xU /12 I
18' It

GEI
-

-> 122
1/ / -E->I-

-
-> ↑ Mi

-

Ram RDG =

28 EE -IEE
->

To
->TMA&

-> I

Are RAy

E↳ ZEE Fish
.ELE&# I

-el 5 ↳ 5
BEE

2
-

15 E EEE
↑

F - x Un

-be
->

T T
4EE

-IE-- TJ
->

ICT #

↑ 26.3

↳ k .er
*2634

65. 6 65.6

T

#



# = KCL+ &f

142 %224/83+
=[ =[ ] ]

- [] = (338 . 3 7

MA = - 133. 5 12-1

Roy = -- -



support settlement & Rotation :

517

A Ritu
8A

= 0 .051 (1)

AB = 0 .2 (1)

ET : 5008 K-fA4 18I

B
#

2/12 4 24

↳ ↳ 54
↑ +%fSpray 24 ↑ 4/in-%9

+ 6/122
- 6/142

↓/
,42

+%2 X Ei XEJ

-% x U
* my

-628

212 6/122 642

I als just Daq/y ↑
- ↳2412 ↳ 64+%22 122

XEI +
-12 +

Min3

x QA = 8 .85M X EF

x DB: 8.2



81.7K-' 81.7K-

Pi Sp
35K

&= KM + &f

=> %] : [t+](75705

=> [u7= 5-9]

MA = - 139 .3x[[] - * x500x0 . 05+ x5000x0 . 2 = 64 .9K-2 (2)



Plane Grid :

: the
8:

T : Tonsions

G : modulus of nigidita

7 : Tonsional const

sign conv.. M+,
2

↓
-> 2

, Lpos]

&
-> Is

3 C
Y

T

V

> follow for mmf sign
R
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Er
·

F LBNA
*

Ed
-

nepra I

/ ~ a
un

Z

& ·14 O ~ i
> Y> I

&
- ->sh

18
N

B

LEEI E I ↑ Tu E
GE E

a
K
s

↑
-Th u ·~

- ~
Cx Nu

U, X

NEE↳ D
-

Fo ↳
U

-ARE N

49K- 554
↑I L0

21K g1 [G3 = E]

- G:W ; ~20. 5211
1

.

2

-> 8.5

· E

& : KM + &

↳ ++s y

=> [] : C · Estexotsto] [M] + [3317/17583
To = 516 x (-144 .2) = - 3K-8f



Truss · AFCossingA cos
-

↑

I j U
,
=1

· Afcosucosy original
3

~,

deformed

nonizontal disp.

I
y

I
y - EV

I I

# #
Acost

~ Af cosUsing

D= => p = Af

Af sinty AE sing
& 7 T

J Af sing essr
sinv =

Dr U2= L
F: AF CARCOSU + Dysint)J

↑

I

Ach : Dir-Dich

vertical disp . Af = Djg - Dia
I

EJ
I
y

I

Afsinucory
~

Af sinter

member / L 1 A / & / cos / sinr/ cosusing /



# &
We

A
- "

20 .88]

B

> UI
> 3oK

2
E i 1800K/f

8'
b

.

05
2 .08]

DOKI = I

53.13
- "

///
↑

I I
6

K22

"K12
K21
M -> 30K

"
,

-, 30K "
,

*Uy
*Le,

"

,
///

"

,
///

A E
member A sinrassy
-> =>Fir-
↑ B E I 8 *

BD 18 8.85 5 53. 13 8. 36 8. 64 8 . 48

CB & 8.8 18 98 * 2 *

Km =
& Af cosy I 13 . 33x1 + 5x8. 36 + 18x8 : 15 . 13

AD, BD
,aB

K21 = AnBD,p Cousing :
13 .33X8 + 5x0 . 48 + AXO : 2. 4

112 = 2 . 4; K22:Sin = 1333x8 + 540 .64 + 10x1 = 13 .2



& : KU

[38]: [i23]

.[m] : []
member : AD : AF [DUCOSU + Dysin]

= 13 . 33 [2 . 04x1-0 .37x0] = 27. 19K (T)

BD = 5 [2 .04x836-0 .37x86) : 464 [T]

CD = 10(204x0-837x2) = 3 . 71 293

Reaction :

RAR:FCOSXU , + AsintaosUXU

= 13.33 [1X204] = 27 . 191 (7]

RBU = AcosxM + Asincosx us

= 5 [0 . 36x2. 04 + 0.48x(0.37)] = 2.78K 27

RBy = AFCOSUsinUXU , + AFsinxuL]

: 5 [0 . 48x204 + 0 . 64(-0 .37)) = 3 .
7R <13



Un
~

Ug -> Us

#
-> 1

.
5 K

↓
E = 5

,
008 K-8 B' Lo -> 20K -

[

0-1)
8212 2

. 12) 10 .1
12

A 25.64
50.19

B
-

TC1 T T/S

I
to 15 / 18'

I

K21

B &

Kil

K31
& S

24 X

,
T T1 T

DA
K22

&
~

↑ > K
,2

Kan, [

&

STPT T,



B K23
K33
, E

&

> K is

M

T
T TT/

Member
-
I A f Coir sin

invo

· BC 15 y 8. I 15 33-33 I *

~ AB 1J 58 . 19 8. I 15 . 62 32.81 8. 41 8.58 8. 40

I & B 15 129 . 81 8. 1 15. 62 32. 81 8. 41 8. 5B - 8 . 43

- DB 25 154 . 36 8 . 12 2773 21 . 64 8.El 8. 13 - 8 .39

· AE 25 25. 64 8. 12 27. 73 21 . 64 8.81 8.1 8. 39

kp = [ AFCOS : [2164x0 . 81 +33.33x1 + 32. 01x0 . 41) : 63 .98

A C
, BC

, Ba

K21 = K12 : [AF SiNVCOSU = [2164X0S + 33 .33x0 + 3201x70 . 49)] : -7. 26

A 2
,BGBC

Ks = Kis: A JV : [33 .33x1 = -3333

K22=AE SinL = 22164X0 . 19 + 3333X0 + 32010 .59) : 2..

Ksz : [COSY = [3201x8 . 41 +2104x8 .81 + 33 .33x1] = 63 . 5

AB, DB
, BC

K32 = K23 = 8



& : KU

63. 9 T - 7 . 26

-7.26 23 . 8 *5) : I
sss
o] []

LLI = 8 . 35

222 = - 8 . 54

Uz = 8 . 18

RAG = 3.56 (A) RAG = U
, [cosusin]

na
+usint]

As

us [AF Cususin]
Ap

Rou : u , [ cos]c + un(
* cosusin]

pe

+ us [F cos] ab,
DB

= 17 .
18R (7)

RBy = u, [Af sinvcosu) be
+ u [sin2r]se + us [sinvc

AB, DB

= 1 . 3R (4)



Fen : A [AUCOSU + Dysinv]

= 32 . 01 [0 .35x541-0 . 540.55] = 6 : 1"[C) X

FAB : A CDRCOSU + Dysinr]

= 3201 [0 . 18x541) = 3. 69" (T)~



Hand calculation / Two span beam :

ve Un

E E 3K/8f
52K

·:&= KU+ &f A 6 N1,

97S47] 216

B

&↳ En XEIU,

=>) U = - 342. 2 Foro
Uz = - 46 . 8 8/25

4/202/16 4/16 ↳s 5 XETU2.4 54412252
-I%62 - 96

Mc =

-36.8(20) - 100 : -109 .4K-1

RAy : -342.2( % 62) - 46 .8(462] + 26 .7 : 17 .6K 914 54.
5 100 180

↳ p Ca
--

26.7 12. 3 30 3



Formalization :

stiffness of a beam element :

E-t

inEn &
↓

↳
Memo : &

↑↓

2. One of : 1, f ,

1,
2. Sign : Indem 3 a 5

3
↓

↓

·[]
3. Diagonal -> & , 2 , 1 , #

4 .
2

, 4 & 4
, 2 -> E

5. 1
, 3 & 3,

1 +
6. Rest 6/22



Element stiffness matrim :

↳



# 39K
524 3

K/ft

↑A fin=
C

P; = KU + Pm

I E- En

IK = E -En·-
En =
-E ↳

P
;

= KU + Pm
1 2B 4 5 6

I-G &

2 forMA

I To -For Fo

x2

RBy- 52 3
163

xL
- --For Flt-FMB - 28

=

E ↳ -↳ht+i. EsFuI· ↓..
* Z

↓Rey 5 & * - t -

2J

12. 3 +38·]



Extract unconstraint DOFS : 2 & 4 -> M , U2 -> K22, R24s Kuzskan

[] : [ ] []+

=> [22] :70

Extract restraint coordinates : 1
,

3 , 5, 6

↳f.]S]
Eo

RA -> 17 . 6

RBy -> 102 . 0

Rcy -> 31 . 4

Ma
-> 189-3



2)
37 . 5

KN/m

di I ↳L

IOKN -UnI
u
-> un ↳

->ne =TM)
5

& ↑

12 12

E2
-F

X ET M
Gm I

Gre I

DI T
-- #

↳ E ↳
+of

+ 4 I <
-I

- Fufor
XEI Un

6/62 %2

- --
#
/

200
KN-m

200
KN-

E ↳ &= KU + &f
↑

155KN 150
KN

E
·) :Tt

# #

RAD=x (-2612) + FXOI4 + 150=100[i]



BILI/N. 2) 181 uKI

n ** 1025it
↑ch

A = 0 .03 1

DA = 0. 15 ↑

A B : 8 . 2 ↓

↑
Fo

IE

Ep & XEIU,

- For t - F
& = Kut &f

x03 x0 . 15 x01 X8 .2 E ↳
0 : (o + 76]u, +++ -fee I XEIX8 .03

4 ↑
12

- 19 . 8 + 85 . 3 - TF For

Af B :

EJ= 4550K-fA2

I
↳

V

I

I
T

I

Fo

↑

I= U
,=l : -1047 (

Tor

For
↑ XEIX8. 15

: MA=104727] + EEF-Ex0 . 03+xOE ↑
"
↳ -

+ x0 .2) + 24 .7

For For To
=- 0 . 23

K-1

↑ 9 +
↓ XEIX 8: 1

↑ A ↑

-.

24
:7 19 . 8 853 85 . 3

↳ ↓L ↓
↑ ↑ a ↑

5 . E 4 . 2 32 3)



Recap / Final
14/18

Uh
Wi ↑

B (
15k -> Un

-

↓
-> 201
E

EJ= 5880 1-872

10. 1)
- 8 . 12

④
10 . 12) & (01) 12

B

25. 648
58 . 193

&

A ->

/I 11 I I

I I

181 15 ( 181

* *

& ③ & ③ * U2
XM,

B * B *

*

& ③ * U 3
B *



siniy sinr costmember It 1 At ora -

~ I * J

2 U 50. 19 8. 1 15 . 62 3281 0. 41 8 . 59 8. 49

-
3 18 129 . 81 8 . 1 15 . 62 32 . 01 0 . 41 8.53 - 8 . 49

4 25 154 .36 8 . 12 27. 73 21 . 64 0 . 81 8.19 - 8 . 39

~ 5 25 25 . 64 8 . 12 27 .73 21 . 64 8 . 81 8-19 8. 39

11: AFCOS2y
= (3333x1 + 32. 01 x0. 4) + 2154x0 . 81) = 63 . 50

R12 : Ka :& AF COSTSINV = (33.3X0 + 3201X-09+ 2164x0 .39) : -7 . 5

C

Kiz = Ros = AFCO5V = [3333X1) : -33 . 33

K22 : E AF sinr = [33 . 300 + 32.0109 + 2164x0. 13) : 23.

K23 : Ks2 =3 cossing

Koz
=[ [33 .33X1 + 3201x0. 41 + 2164x 0 .01) = 63 . 90

& = Ku

- 7 . 256 3 . 9 - 13-3]

J[.] = [25 23

·.so] []- 33 .1] 8

U1 = 8. 394

=)
U2 : - 8 . 543

~
U3 8. 179



RAD= [F sinrcosv] u
, + [sin) uz + [sinvcoo] us

= 3. 40K [h]

Fap : AE (DRCOSY + Dy sinv]

= 20 .
4K (23 [cosv -> (f)


